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ABSTRACT: Single layer two-way grid shell with in-plane and out-of-plane tension members is a new type of
single-layer latticed shell roofs. Compared with traditional single-layer latticed shells, this new type of shell has a
unique mesh form and excellent rigidity. This study presents the effect of tension member installation on the buckling
load and strength of single layer two-way grid cylindrical shell roof by the numerical methods. The tension
members are installed to stiffen the rigidity of the two-way grid shell roof and improve its stability behavior. Tension
member placement pattern is focused as both in-plane members of two-way grids and out-of-plane stiffened members
in a cylindrical surface. The stability is one of the key factors in the two-way grid shell, and therefore the effects of
various geometrical and structural parameters on the behaviors of stability are investigated. It is confirmed that the
in-plane and out-of-plane tension members caused the increase in the buckling load and strength of single layer
two-way grid shell in the numerical analysis.

KEYWORDS: Single layer two-way grid cylindrical shell roof; Tension members; Out-of-plane placement; Buckling
load; Strength.

INTRODUCTION

Until now, researches about the stability of single layer latticed domes have gotten fruitful results and the effects of
various structural parameters on the stability behaviors are investigated [1-3], but few on the single layer cylindrical
shell with tension members.

Single-layer cylindrical shell has a high rigidity for weight, and used for the public building and the gymnasium, etc.
Above all, single layer two-way grid shells are superior in providing high transparency, aesthetic appeal and material
efficiency. The in-plane rigidity of two-way grid is lower than that of triangle reticulation. To make up for the defect
of two-way grid, and to maintain aesthetic, the single layer two-way grid shells stiffened with tension member is
proposed [4-6]. The buckling experiment and numerical analysis are performed to investigate the effect of initial axial
force of PC bars on the buckling behavior of single layer two-way grid domes [7-9]. It is shown that the buckling load
of a single layer two-way grid shell with the tension member installation is larger than that of a single layer two-way
grid shell without tension member [10]. Buckling experiments on single layer grid shells were performed to
investigate truss system applicability and structural properties [11, 12]. The equivalent rigidity for the cable-braced
grid shell is determined, and the effect of the cables on the shear rigidity is discussed [13-15]. The formula for the
linear buckling load of a cable-braced grid shell is verified by numerical examples [16].

However, there are little researches of the parameter of tension member in out-of-plane installation. To increase
rigidity of single layer two-way, this paper treats single layer two-way grid cylindrical shell roof with in-plane and
out-of-plane tension members [17-19]. Numerical analysis has been undertaken on a single layer two-way grid
cylindrical shell roof with tension members to investigate the effect of the tension members, in either in-plane or
out-of-plane placement, on the structural behavior of the shells [20].

ANALYTICAL MODEL

In-Plane Tension Member Installation

The analytical model is a single layer two-way grid cylindrical shell roof with in-plane tension members. As shown
in Figure 1, LX is generatrix direction length, LY is span length, R is the radius of curvature and α is the half open
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angle in arch direction. The plan of the cylindrical shell roof with in-plane tension member arrangement is shown in
Figure 2. The arrangement patterns of tension member on the two-way grid cylindrical shell roof are six types from
TP1 to TP6. TP3 is stiffened with four tension members though the strut and the strut is used as a truss member as
shown in Figure 3.

The configuration parameters of single layer two-way grid cylindrical shell is shown in Table 1. The properties of grid
member is shown in Table 2. For tension member, the sectional area is 3.14cm2 (  20) and Young ’ s modulus is
20580kN/cm2.
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Figure 1. Overall view of single layer two-way grid cylindrical shell.

Figure 2. Type of tension member arrangement (6x6).

Figure 3. Elevations of types.

Table 1. Configuration of two-way grid cylindrical shell.

Number of unit in arch direction 6 12
LY(m) 28.7 27.1 24.9 57.3 54.1 49.7

Half open angle in arch direction  (°) 30 45 60 30 45 60
Radius of curvature R(m) 28.7 19.2 14.4 57.3 38.2 28.7

Number of unit in generatrix direction 6 12 18
LX(m) 30 60 90
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Table 2. Property of grid member.

Steel pipe  (cm) E(kN/cm2) 
165.2×7 500 20580 0.3
A(cm2) I(cm4) Zp(cm3) b (kN/cm2)
34.79 1091 175.3 23.5

Out-of-Plane Tension Member Installation

The overall view of a single layer two-way grid cylindrical shell roof with out-of-plane and diagonal tension members
are shown in Figures 4 and 5. As shown in Figure 1, X, Y and Z are cylindrical coordinates, u, v and w are
displacements corresponding to X, Y and Z, respectively. Number of unit in arch direction and in arch direction is 6
respectively. The half open angle subtended by arch is 30° and the radius of curvature is 28.7m as shown in Table 1.

Types of the cylindrical shell roof with tension members in out-of-plane (T5, T6, T8, T9, T11) are shown in Figure 4.
Types of the two-way grid shell with tension members in out-of-plane and diagonal tension members (TD, TD6, TD8,
TD9, TD11) are shown in Figure 5. As shown in Figure 6, T5 is stiffened with tension members and vertical struts. T6,
T8, T9 and T11 are stiffened with tension members in out-of-plane. The length of strut in T5 is two times larger than
the rise formed by 2x2 units. The length of vertical steel bar in T6 and T8 is one half of the rise of the two-way grid
shell. TD6 and TD8 are stiffened with tension members and strut in out-of-plane. TD9 and TD11 are stiffened with
the tension members.

Figure 4. Type of tension member arrangement.

Figure 5. Type of tension member arrangement with diagonal tension members.

Figure 6. Elevations of types.
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The two-way grid member is steel pipe as shown in Table 2. The tension member and the strut in T series are steel bar.
In TD series, the tension member and the strut are PC bars. The properties of grid member are shown in Table 2. The
sectional area and Young’s modulus of out-of-plane tension member is the same as in-plane tension member.

SUPPORTING CONDITION AND LOAD DISTRIBUTION

In-Plane Tension Member Installation

The peripheral nodes of the cylindrical shell roof are pin-supported. The applied load is the uniformly distributed
snow load.

Out-of-Plane Tension Member Installation

The peripheral nodes in the gable are roller-supported in longitudinal direction. The peripheral nodes in the
longitudinal direction are pin-supported. The applied load is the snow load. The load distribution is expressed with

R Lq q  as shown in Figure 7. 1.0 (full), 0.9, 0.5, 0.0 (half) are used as 

Figure 7. Load distribution.

The effect of initial imperfection is investigated in out-of-plane tension member installation. The two-way grid shells
without initial imperfection and with initial imperfections are called perfect system and imperfect system, respectively.
Initial imperfection of geometry is assumed as one buckling mode in normal direction as shown in Equation (1).
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ANALYTICAL METHOD

The member incremental elasticity rigidity matrix is based on the tangential rigidity matrix using stability function [13,
14]. Tension members are treated as the truss member in linear buckling analysis. In nonlinear analysis, tension
members have the rigidity in tension deformation of the elastic range. The yield and deformation after yield of tension
member and the initial yield of grid member are considered as the material nonlinearity. The incremental
displacement method and the arch length increment method are adopted in the calculation of equilibrium path [15].

ANALYTICAL RESULT AND CONSIDERATION

Linear Buckling Load

In-plane tension member installation. The following indexes are adopted to evaluate the linear buckling load of single
layer two-way grid cylindrical shell roof stiffened with tension member.

 Buckling load: Pcr (kN)

 Nondimensional efficiency of tension member: Pcr/Po/ (W1/Wo)

The buckling load Pcr denotes the gravity load of the centre node. Po is the buckling load of single layer two-way grid
cylindrical shell roof. W1 and Wo are the total weight of all members and the total weight of all grid members,
respectively. The buckling load of single layer two-way grid cylindrical shell roof is shown in Table 3. The buckling
load of each type with tension member is shown in Table 4.

As shown in Table 4, the buckling load of TP3 is higher than that of other types and the maximum buckling load is
245.9kN in 6x6-60.



Effect of tension member installation on buckling behavior of single n layer two-way grid cylindrical shell roof

701

Table 3. Buckling load of two-way grid shell (kN).

unit 6x6 6x12 6x18 12x6 12x12 12x18

30° 28.6 20.1 18.8 10.5 4.39 3.23

45° 49.1 31.8 28.9 18.1 9.17 5.83

60° 77.7 45.2 39.7 29.5 14.8 10.2

Table 4. Buckling load of each type (kN).

Type () 6x6 6x12 6x18 12x6 12x12 12x18

TP1

30° 67.72 46.18 34.68 21.74 12.44 9.848

45° 144.9 81.93 69.72 42.30 24.99 18.64

60° 233.5 137.3 106.1 69.60 42.00 31.08

TP2

30° 46.16 21.37 20.59 15.89 6.139 3.665

45° 87.88 34.59 32.38 29.67 11.30 6.826

60° 133.1 50.31 45.26 49.68 17.35 12.30

TP3

30° 69.71 46.78 32.83 21.40 12.54 8.679

45° 142.5 119.1 74.34 44.45 25.43 20.20

60° 245.9 233.8 143.8 74.67 46.88 34.92

TP4

30° 53.61 31.10 27.18 16.51 9.620 7.260

45° 94.22 66.35 52.28 31.61 18.66 14.20

60° 152.4 102.8 88.21 49.53 29.66 24.37

TP5

30° 57.47 38.98 31.09 18.74 11.12 8.020

45° 110.5 73.13 69.70 5.600 20.62 16.68

60° 192.5 111.6 106.5 57.85 34.88 26.41

TP6

30° 58.11 39.71 31.56 18.73 11.21 8.120

45° 114.1 74.70 71.52 36.35 20.87 16.92

60° 209.3 118.5 112.2 59.82 35.50 27.15

In case of =45°, 60°, TP4 and TP2 are lower than other types. The buckling mode of each type of 6x6-30 is shown in
Figure 8. As for the rest TP2, the number of half wavelength in arch direction is 3.

Figure 8. Liner buckling mode of each type (6x6-30).

The axial force of TP1 respectively when the half open angle in arch direction are 30°, 60° and 90° is shown in Figure
9.



Effect of tension member installation on buckling behavior of single n layer two-way grid cylindrical shell roof

702

The nondimensional efficiency of tension member is shown in Figure 10 when is 45. As for the nondimensional
efficiency of tension member, TP3 is higher than other types and the maximum is 4.8 in 6x12-60. TP1 almost equal to
TP3, TP4 and TP2 are lower than other types.

Figure 9. Axial force of TP1.

Figure 10. Nondimensional efficiency.

Out-of-plane Tension Member Installation

The buckling load Pcr denotes the gravity load of the centre node. Table 5 and Figure 11 show the buckling load of
each type in T series. The buckling load of T5 is higher than that of other types and about four times larger than that
of two-way grid shell roof. The buckling load of T6 is lower than that of other types with tension members and about
two times larger than that of two-way grid shell roof. The buckling load of T9 and T11 are 2~3 times larger than that
of two-way grid shell roof.

Table 6 and Figure 12 show the buckling load of each type in TD series. The buckling load of TD9 and TD11 are
higher than that of other types and three times larger than that of two-way grid shell roof without tension members. In
case of =0.5 and =0.0, the buckling load of TD6 and TD8 is determined by the vertical strut buckling. Therefore,
the buckling loads of TD6 and TD8 are about 0.2~0.7 times lower than that of TD.

The buckling mode of each type when  is 1.0 are shown in Figures 13 and 14. For all the types except for TD8 have
overall buckling mode and TD8 has the member buckling of vertical strut. In case of T8 and T6, the half wave number
of buckling mode in arch direction is 2. In case of T9, TD and TD9, the half wave number of buckling mode in arch
direction are 3. The half wave number of other types except for TD8 is 4.

Table 5. Buckling load of each type in T series (kN).

Type =1.0 =0.9 =0.5 =0.0

grid-6-6-30 28.6 29.7 35.0 44.5

T5-6-6-30 116.6 120.6 130.9 123.9

T6-6-6-30 56.2 58.1 67.4 83.9

T8-6-6-30 74.2 77.0 89.2 109.3
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T9-6-6-30 74.1 77.0 87.6 97.6

T11-6-6-30 83.8 85.4 89.9 94.3

Table 6. Buckling load of each type in TD.

Type =1.0 =0.9 =0.5 =0.0

TD-6-6-30 65.2 67.5 74.0 77.7

TD6-6-6-30 85.1 84.8 56.7 40.0

TD8-6-6-30 63.4 50.1 27.3 17.4

TD9-6-6-30 103.5 104.7 108.0 110.5

TD11-6-6-30 93.0 96.1 99.8 101.2

Figure 11. Buckling load of each type in T series.

Figure 12. Buckling load of each type in TD series.

Figure 13. Buckling mode of each type in T series (1.0).
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Figure 14. Buckling mode of each type in TD series (1.0).

Nonlinear Buckling Load and Strength

The yield of grid member, the yield and deformation performance of tension member was considered in nonlinear
analysis. The elastic rigidity of the tension member is included after retightening. The following indexes are adopted.

 Strength: PCR(kN)

 Nondimensional strength PCR/ P0

 Ratio of the strength to the weight of tension member: PCR/W

 Nondimensional efficiency of tension member: PCR/P0/(W1/W0)

Strength PCR is the minimum value between the buckling load Pcr, the load decided by initial yield of grid member and
the load decided by the yield and deformation performance of tension member. Po is the strength of single layer
two-way grid cylindrical shell roof. Table 7 shows the yield stress of grid member, the yield stress and deformation
performance of tension member.

The strength of grid shell is shown in Table 8. The strength of grid shell is decided by the buckling load of grid shell
or the initial yield of grid member.

The strength of 6x6-30 and 12x12-30 is shown in Figure 15. In this figure the explanatory notes ey-sy, 2ey-sy,
2ey-2sy and 3ey-3sy denote the combination of the deformation performance and the yield stress of the tension
member.

As for the strength, TP1 or TP5 is larger than other types and TP3 is maximum in 6x12 and 6x18.

Figure 16 shows the nondimensional strength of each type of 6x6-30. As for the nondimensional strength, TP1 or TP5
is larger than other types. TP3 is large in 6x12 and 6x18 and the maximum value is 1.9.

Table 7.Mechanical properties of grid member and tension member.

Yield stress of grid member y (kN/cm2) 23.52

Yield stress of tension member y (kN/cm2) 23.52 47.04 70.56

Deformation performance of tension member u 0.00114 0.00228 0.00228 0.00342

Table 8. Strength of grid shell.

6x6 6x12 6x18 12x6 12x12 12x18
30° 29.28 20.05 18.61 22.10 11.01 3.38
45° 41.53 32.30 29.00 24.90 11.94 7.26
60° 35.07 31.53 31.34 23.98 11.21 7.23

The nondimensional strength of 12x12 is shown in Figure 17. The nondimensional strength shows 0.4~1.0 in ey-sy
and 2ey-sy when the number of unit in arch direction is 12. The nondimensional strength shows nearly 1.0 or more,
and the effect of the tension member is come out of 3ey-3sy in case of three times of yield stress. When the yield
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stress of the tension member increases, the effect of attachment of the tension member on the strength of the two-way
grid cylindrical shell roof grows gradually.

The ratio of the strength to the weight of tension member of 6x6-30 is shown in Figure 18. As for the ratio of the
strength to the weight of tension member, TP2 is the maximum, and the following is TP4. TP1, TP3, TP6 are smaller
than other types.

The nondimensional efficiency of tension member is shown in Figure 19. This figure shows the results that the
combination of deformation performance and yield stress of tension member is 3ey-3sy and half open angles are 30°
and 45°. As for the nondimensional efficiency of tension member, TP1 or TP5 is the maximum, TP3 is large in 6x12
and 6x18, and the maximum value is 1.8.

The ratio between the strength of single layer two-way grid cylindrical shell roof with tension member and the weight
of member connected with the centre node represents the margin of safety ratio of the strength. Based on the results of
the combination 3ey-3sy, the ratio of the cylindrical shell roof with the half open angle being 30° is the minimum
among the results of three kinds of half open angle in arch direction. TP3 and TP4 in these configuration parameters
are lower than other types. In case of 6x6, the ratio of TP5 is larger than other types and the maximum value is 24.8
when the half open angle is 60°.

Out-of-plane Tension Member Installation

The yield of grid member, the yield and deformation performance of tension member are considered in nonlinear
analysis. Strength is the minimum value of the buckling load, the load decided by initial yield of grid member and the
load decided by the yield and deformation performance of tension member. The deformation performance of tension
member in T series is 0.00456, the yield stress of PC is 130kN/cm2.

Figure 15. Strength of each type.

Figure 16. Nondimensional strength of each type.



Effect of tension member installation on buckling behavior of single n layer two-way grid cylindrical shell roof

706

Figure 17. Nondimensional strength of each type.

Figure 18. Ratio of the strength to the weight of tension member.

Figure 19. Nondimensional efficiency of tension member.

Perfect System

The Table 9 and Figure 20 show the strength of each type in T series. The strength of each type when 1.0 and 0.9
is higher than that of each type when 0.5 and 0.0. In case of 1.0, the strength of T6 is higher than that of
other types and two times larger than that of the two-way grid shell. The axial forces of tension members in
out-of-plane of T9 and T11 are almost zero when is 1.0 as shown in Figure 25. The strength of T9 and T11 is as
the same as that of two-way grid shell. In case of 0.9, the strength of T5 is the maximum about 1.9 times than that
of the two-way grid shell. In case of 0.5 and 0.0, the strength of T9 and T11 are higher than that of other types.

Table 9. Strength of each type in T series (kN).
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Type =1.0 =0.9 =0.5 =0.0

grid-6-6-30 28.8 25.5 18.6 14.1

T5-6-6-30 48.5 47.9 18.4 10.6

T6-6-6-30 53.5 35.7 22.4 15.6

T8-6-6-30 49.1 42.0 20.0 13.5

T9-6-6-30 28.8 35.5 27.0 19.2

T11-6-6-30 28.8 33.2 24.6 18.2

The relation between strength and in T series is shown in Figure 21. Comparing with the strength of each type at
=1.0, the strength of each type at =0.0 becomes from one half to one third.

Table 10 and Figure 22 show the strength of each type in TD series. In case of =0.9, the strength of TD6 is higher
than that of other types and about 2 times larger than that of the two-way grid shell. In case of 0.5 and 0.0, the
strength of TD8 is lower than that of TD, because the strength of TD8 is determined by vertical strut buckling.

The relation between strength and in TD series is shown in Figure 23. When is decreased, the strength is trend to
reduce.

The buckling mode of each type at =1.0 is shown in Figure 24. All types except for T5 show overall buckling mode
and T5 shows vertical strut buckling mode. In case of 1.0, the half wave number of buckling mode in arch direction
is almost 2 except for that of T5 determined by vertical strut buckling.

The axial force distribution of each type with tension members at 1.0 is shown in Figure 25. The axial force of arch
direction in case of T5, T6 and T8 is higher than that of other types.

Table 10. Strength of each type in TD series (kN).

Type =1.0 =0.9 =0.5 =0.0

TD-6-6-30 42.0 41.4 39.5 32.3

TD6-6-6-30 46.4 62.4 43.8 30.4

TD8-6-6-30 44.4 43.1 26.6 16.3

TD9-6-6-30 42.1 41.7 37.5 31.3

TD11-6-6-30 42.1 41.5 39.0 34.8

Figure 20. Strength of each type in T series.



Effect of tension member installation on buckling behavior of single n layer two-way grid cylindrical shell roof

708

Figure 21. Relation between strength and in T series.

Figure 22. Strength of each type in TD series.

Figure 23. Relation between strength and in TD series.

Figure 24.Mode of each type in T series ().
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Figure 25. Axial force of each type in T series (

Imperfect System

The strength of imperfect system of each type in T series is shown in Figure 26. The strengths of imperfect system are
determined by the minimum value of the strength in imperfect system. The strength of T6 is the maximum when is
1.0 and the strength of T5 is the maximum when is 0.9. In case of =0.5 and 0.0, the strength of T9 and T11 are
higher than that of other types.

The relation between the strength and is shown in Figures 27-29. The imp in these figures denotes the strength in
imperfect system. In case of T5, T6, T8, the strength of imperfect system is about 0,6 times lower than that of perfect
system when 1.0. The strength of imperfect system is 0.8 times lower than that of perfect system when 0.5.
When decreases, the strength is trend to reduce.

Figure 26. Strength of each type (imperfect system). Figure 27. Relation between strength and 

Figure 28. Relation between strength and  Figure 29. Relation between strength and 

CONCLUSIONS

(1) From linear buckling analysis, the buckling load of T5 is the maximum, the same tension member arrangement
pattern TP3 is 60% decreased compare to T5 because of the difference of the length of strut. The buckling load of
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TD9 and TD11 in TD series is from 3 to 4 times larger than that of the two-way grid shell. TP2 and TP4 are low but
about 1.6~1.9 times larger than that of two-way grid shell.

(2) From nonlinear analysis, the strength of T6 and TD6 are larger than that of other types and about 1.5~2.0 times
larger than that of two-way grid shell.

(3) The increase of yield stress of tension member is effective for the increase of strength of single layer two-way grid
cylindrical shell roof.

(4) When is decreased, the buckling load of types in T series grows in linear buckling analysis. When is decreased, the
strength of types is trend to reduce in nonlinear analysis.

(5) It is confirmed that the strength of types in imperfect system is from 0.5 to 0.8 times lower than that of types in
perfect system.

(6) From nonlinear analysis, the reduction of strength considering the imperfection and load distribution is different
by tension member arrangement.
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