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ABSTRACT: Redundancy has been a matter of cynosure to researchers in the field of robotics. The aim of this 

paper is to explore by numerical simulation how to take advantage of kinematic redundancy in managing the 

priority and interactions between the robot’s main task and any additional tasks/constraints. Doing so, better 

performance will be obtained in executing desired tasks in real-life applications. Different types of redundancy 

that may arise during task execution are identified and studied at three levels: the robotic system, the robot-

environment interaction and the sensory tools in use. The various kinematic redundancy resolution techniques 

are grouped into four control groups (partitioned, commutative, hybrid and hierarchical), and compared in 

controlling two different robots while executing several simultaneous tasks with specific hierarchy and priority. 

The behavior of two well-known serial manipulators of different types, namely the 4R planar robot and the 

LWR4+ robot, is investigated for hierarchical tasks with insufficient number of degrees of freedom for task 

execution. Several simulations of task execution are carried out to evaluate and compare the performances of 

the two robots under different redundancy resolution techniques. The objectives of this study to better interpret 

the cons and pros of each control method and then determine the most appropriate control technique. The 

obtained results can be used to provide important guidelines for the future development of more plausible 

redundancy resolution techniques. 
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INTRODUCTION 

While most former non-redundant robotic systems possess enough degrees of freedom (DOF) to perform their 

main task(s), it is known that their main drawback lies in their reduced workspace and dexterity. Nowadays, 

highly complex robotic platforms, such as humanoid robots and multi-arm systems, are increasingly being used 

to perform advanced cooperative tasks in industrial and domestic environments. Typical applications of 

redundant robots include 6R robot mounted on a linear track/rail, manipulator on a mobile base, dexterous 

robot hands, team of cooperating manipulators (or mobile robots), 6 DOF industrial robot used in 

manufacturing for arc/spot welding, deburring, polishing, etc. 

Redundancy resolution techniques allow for choosing the best amongst the infinite possible solutions and 

managing the priority and interactions between the main task and any additional tasks/constraints. To properly 

select from the set of inverse kinematics solutions, an optimization criterion is usually used (e.g. joint limits 

avoidance [1,2], collision avoidance [3], minimum effort kinematics [4], structural stiffness [5], dexterity 

measure [6]). The most common procedure is to project a gradient of a secondary task into the kernel of the 

Jacobian matrix [7,8]. The robot’s joint velocities [9], accelerations [10] or torques, are respectively computed 

for a desired end-effector velocity, acceleration or force [11]. Hence, a critical and challenging element in these 

redundancy resolution methods is their ability to respect several criteria simultaneously. 

Because of the large number of DOF of redundant robots, the redundancy resolution problem has become one 

of the most important open issues in the field of robotics. However, few research studies have identified all 

types of redundancies in their systems and fewer have taken advantage of such redundancies in their control 

techniques. The aim of the current work is to show how kinematic redundancy can be viewed as an exploitable 

advantage of the system rather than a problem as it was classically perceived. 
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BACKGROUND 

Robot redundancies are classified according to the original mechanical structure of the robot and the interaction 

with the surrounding objects. Redundancy is studied at three levels: the robotic system, the robot-environment 

interaction and the sensory tools in use. In what follows, n is the robot’s degree of mobility (𝑞 ∈ ℝ𝑛), m is the 

degree of mobility of the end effector (𝑋 ∈ ℝ𝑚), t is the dimension of the executed task T and 𝑁𝑎 is the number 

of motorized articulations of the robot. The following redundancy categories are identified: 

1. Non-Redundancy (𝑛 = 𝑚): the robot and the end-effector have the same degree of mobility. It is 

noteworthy that in specific configurations, the dimension decreases to become smaller than and the robot 

is then called in a degenerate or singular configuration. 

2. Kinematic Redundancy (𝑛 > 𝑚): when n is designed to be greater than m, the device is intrinsically 

kinematically redundant, the inverse geometric model has an infinite number of solutions, and the degree 

of redundancy of the robot is 𝑟 = 𝑛 − 𝑚. The self-shape of 7 DOF manipulators and four link planar 

manipulators, for instance, can be varied without changing the end-effector’s configuration. This motion is 

also known as null-space (zero space) motion, self-motion or internal motion. 

3. Task (or functional) Redundancy (𝑛 > 𝑡): it appears especially in the definition of applied tasks which can 

be performed in different ways and can be modified according to the user’s objective and any change in 

the environment. For example, when dealing with object manipulation, grasp redundancy was exploited in 

[12] to increase the number of redundant DOF and thus increase the space of secondary motion. This 

helps keep a comfortable arm posture during the grasping task. 

4. Actuation Redundancy (𝑁𝑎 > 𝑛): in this case, the number of motorized articulations is greater than the 

degree of mobility of the robot. Such redundancy is used to achieve different task objectives and high 

control performance. It also occurs when two or more manipulators grasp an object at a time. Thus, the 

manipulators and the object form a closed kinematic chain similar to parallel manipulator [13]. 

5. Hyper Redundancy (𝑛 ≫ 𝑚): such devices have a joint space dimension that is much greater than the 

dimension of the end-effector space. 

6. Sensor Redundancy: in this case, there are more sensing elements than theoretically necessary. this type of 

redundancy enables higher reliability and allows a wider and more accurate range of information by 

sensor data fusion [14]. 

When kinematic redundancy is invested, more secondary tasks or constraints can be applied besides the main 

task. Therefore, a clear methodology should be developed to manage the priority and compatibility of the 

executed tasks. Kinematic redundancy resolution techniques are based on two main approaches. The first is to 

stack the tasks in a continuous formalism for sequencing or switching (partitioned, commutative and 

hierarchical control). The second is to group the desired tasks and apply static/dynamic weighing to manage 

priority (hybrid control). 

The Partitioned Control scheme [15] is used for independent tasks where a number of DOF is allocated to each 

task exclusively. Corke and Hutchinson [16] introduced a new partitioned approach which ensures parallelism 

between image-based visual servoing control and task execution in Cartesian space. In the Commutative 

Control approach, tasks are applied one by one, and the control law passes from one task to another based on 

predefined criteria [17]. This technique was used in [18] to minimize the error in both joint and task spaces. In 

this study, the robot applies the image based and position based visual servoing depending on whether the error 

on 2D or 3D data is greater. Despite the simplicity of this approach, the determination of timing and conditions 

of the transition from one task to another is not always trivial. 

The Hierarchical Control consists to find possible motions that can be realized without disturbing the execution 

of the main task. Hierarchical approaches project the secondary task(s) into the null space of the Jacobian of the 

main task. Several projection methods have been implemented in the literature such as the directional 

projection [19] which enables the motions produced by the secondary control law that help the main task to be 

completed faster, and the minimum norm projection [20] which considers a desired decrease of the error norm, 

instead of considering a desired decrease of the error. 

The Hybrid Control method uses task-space augmentation [21] to introduce additional constraints or tasks into 

the inverse differential problem to be fulfilled along with the main task. To combine and manage the priority of 

the defined tasks/constraints, hybrid control is used with a weighting matrix in the joint space [22] or task space 

[23,24]. The compatibility between the main task and the additional constraints should be respected to avoid 
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getting into singular configuration of the extended Jacobian. Furthermore, these methods are not sufficiently 

reactive when dealing with tasks and constraints of variable dimensions and priorities. 

RESEARCH OBJECTIVES 

The current work tackles the kinematic redundancy resolution techniques in serial manipulators and has the 

following objectives: 1) to apply the various kinematic redundancy resolution techniques used while executing 

several simultaneous tasks with specific hierarchy and priority, 2) to compare robot’s performance according to 

several performance criteria to better interpret the cons and pros of each control method, and to determine the 

most appropriate control technique.  

METHODS 

Although the above redundancy resolution techniques exhibit significant advantages, it is not clear how they 

can improve the system’s behavior in case of controlling a redundant robotic system executing several 

simultaneous tasks with specific hierarchy and priority. Therefore, a case study on two different types of robots 

will be simulated using MATLAB/Simulink for different redundancy resolution techniques in order to find the 

most appropriate one. The evaluation will be based on a set of selected performance criteria. Then, the 

advantages and drawbacks of each method will be discussed for better evaluation of the techniques useful to 

exploit the robot’s redundancy depending on the number of DOF of the system and associated tasks. 

A same gain value of 0.1 for error regulation was used in all simulations. The behavior of solution was 

monitored, and convergence was reached when the task error became smaller than a threshold of 10-5. 

Simulated Robots 

Kinematic redundancy resolution techniques will be implemented on the 4R planar robot, and the 7 DOF 

LWR4+ Kuka robot. The Modified Denavit-Hartenberg (MD-H) parameters [25] of these robots are given in 

Table 1 and Table 2, respectively. 

Table 1. MD-H Parameters of 4R Planar Robot 

Joint σ 𝛼 d θ r 

1 0 0 0 θ1 0 

2 0 0 1 θ2 0 

3 0 0 1 θ3 0 

4 0 0 1 θ4 0 

Table 2. MD-H Parameters of LWR4+ Robot 

Joint σ 𝛼 d θ r 

1 0 0 0 θ1 0.3105 

2 0 π/2 0 θ2 0 

3 0 -π/2 0 θ3 0.400 

4 0 -π/2 0 θ4 0 

5 0 π/2 0 θ5 0.390 

6 0 π/2 0 θ6 0 

7 0 -π/2 0 θ7 0.078 

Tasks Definition 

A generic elementary robotic task 𝑇𝑖  is defined by three elements: a vector 𝑒𝑖 of the error between a given 

signal and its desired value, a Jacobian 𝐽𝑖 that binds the error and the vector of joint parameters 𝑞 (the 

corresponding pseudo-inverse is noted 𝐽+), and a reference evolution of the task function �̇�𝑖. For the latter, a 

classical exponential decrease of the error will be considered (�̇� = −𝜆𝑒 , where 𝜆 is the gain which controls the 

convergence velocity of the task [26]. 

The behavior of the redundancy resolution techniques will be studied in case of over-specified systems where 

the secondary task needs more DOF than those available in the system. Therefore, two positioning tasks are 

defined with 𝑇1 having priority over 𝑇2: 
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1. 𝑇1 of dimension 𝑚 to control the robot’s end-effector position and orientation (𝑚 = 3 for 4R planar robot, 

and 𝑚 = 6 for LWR robot). 

2. 𝑇2 of dimension 𝑙 to control only the cartesian position of a specific link of the robot (second joint for 4R 

planar robot 𝑙 = 2, and fourth joint for LWR robot 𝑙 = 3). 

Control Laws Definition  

A few control laws are attractive to solve the kinematic redundancy in case of executing several simultaneous 

tasks with specific hierarchy and priority. In fact, only hierarchical control methods, and hybrid control method 

with weighing in the task space are useful in controlling such systems. 

Hierarchical control with orthogonal projection 

This classical approach [7] uses 𝑃𝑒, the orthogonal projection operator into the null space of  𝐽 so that the 

arbitrary joint-space velocity 𝑧 is realized at best under the constraint that it does not perturb the regulation of 𝑒. 

In fact, it modifies the behavior of the system, but not the convergence of the main task: 

�̇� = 𝐽+�̇� + (𝐼𝑛 − 𝐽+𝐽)𝑧        (1) 

Hierarchical control with directional projection 

This technique enhances the performance of the secondary task by enlarging the number of available DOF. The 

general idea of the directional non-linear projector 𝑃𝑧, defined in [19], is to enable the motions produced by the 

secondary control law that help the main task to be completed faster 

.�̇� = 𝐽+�̇� + 𝑃𝑧 𝑧         (2) 

Hierarchical control with minimum norm solution: 

This method uses the norm 𝜂 = ‖𝑒‖𝛾, where 𝛾 ∈ ℝ∗, to build a new projection operator 𝑃‖𝑒‖. A desired 

decrease �̇� of the error norm, and not �̇�, is considered. To overcome singularity problem near convergence, a 

switch from 𝑃‖𝑒‖ to the classical projection operator 𝑃𝑒 was proposed in (Marey, 2010) using a convex 

combinatory 𝑃𝛼: 

�̇� = 𝐽𝜂
+�̇� + 𝑃𝛼 𝑧     where  𝐽𝜂 = 𝛾‖𝑒‖𝛾−2𝑒𝑇𝐽   ∈ ℝ1×𝑛    (3) 

Hybrid control with extended Jacobian 𝐽𝑒𝑥𝑡  and weighting matrix 𝐻 in the task space: 

This weighing method is more intuitive for sensor-based control approaches. For comparison purposes, the 

control method defined in (Kermorgant, 2011) will be used. The secondary task is considered as a constraint 

which is activated only when arriving out of a square domain from the desired pose. In fact, when the system 

approaches to constraint violation, the weights of change ℎ𝑖 of 𝐻 change (0 < ℎ𝑖 < ∞) to promote the 

constraint over the main task execution. 

�̇� = (𝐻𝐽𝑒𝑥𝑡)𝐻�̇�         (4)     

Performance Criteria 

The performance of the different control techniques is assessed and compared according to the following 

criteria: 

Control points (CP) trajectory: robot’s trajectory is checked to verify if the desired exponential decrease (which 

corresponds to a linear trajectory) of the main and secondary task errors is respected. 

Rank of the projector and weighting matrices (noted 𝑟𝑎𝑛𝑘(𝑃)): by analyzing the variation of this rank, we can 

identify the number of free DOF which can be used to execute the secondary task(s). In fact, if the number of 

DOF constrained by the main task increases, the projector’s rank decreases and less DOF can be used by the 

robot to execute secondary task(s). 

Performance indices: among the various quantitative indices which are used to evaluate the behavior of 

manipulators, the manipulability and condition number are widely used as local performance measures [27]. 
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The manipulability index 𝑤𝑚 is expressed as: 

𝑤𝑚 = 𝜎1𝜎2 ⋯ 𝜎𝑚         (5) 

where the scalar values 𝜎1𝜎2 ⋯ 𝜎𝑚 are the 𝑚 singular values of 𝐽 ordered from maximum to minimum. The 

value of 𝑤𝑚 diminishes in the proximity of a singularity. 

The condition number 𝑤𝑐𝑜𝑛𝑑  is defined as the ratio of maximum to minimum singular values of the Jacobian. 

𝑤𝑐𝑜𝑛𝑑 = 𝜎1/𝜎𝑚         (6) 

A condition number is a good measure of the degree of ill-conditioning of the manipulator. A value close to 

unity means a well-conditioned Jacobian at that point (𝑤𝑐𝑜𝑛𝑑 ≥ 1). 

Overall kinetic energy 𝐸𝑐: in some cases, the consumed energy, not the convergence time, is considered as the 

primal criteria especially when the amount of available energy is scarce (as for rest to rest maneuvering). Thus, 

the kinetic energy 𝐸𝑐 used throughout task execution is evaluated as follows: 

𝐸𝑐 = ∑
1

2
�̇�𝑖

𝑇�̇�𝑖
𝑛
𝑖=1          (7) 

where �̇�𝑖 is the instantaneous velocity of the ith joint. 

RESULTS AND DISCUSSION 

Simulation results for the 4R planar robot are given in Figure 1 which shows, for the four compared control 

laws, the actual and desired position/orientation for the main task 𝑇1 and the secondary task 𝑇2 in addition to the 

projector rank’s variation. The performance characteristics for the different simulated control laws are 

summarized in Table 3. 

Table 3. Performance measures of the 4R planar robot for different techniques. 

Control Type Error Variation 𝑤𝑚  𝑤𝑐𝑜𝑛𝑑  𝐸𝑐  

𝑃𝑒  Exponential 2.0 - 2.6 4.5 - 6.2 23.0 

𝑃𝑧  Non-Exponential 2.0 - 2.7 4.3 - 6.2 5.43 

𝑃𝛼  Non-Exponential 1.6 - 2.4 5.2 - 10.8 9.63 

H  Exponential 2.0 - 2.7 4.5 - 6.2 20.3 

In this case study, the main task uses 3 DOF only, and 1 DOF is left for the secondary task which requires 2 

DOF to control the position of an intermediate point in the plane. Therefore, the number of available DOF is 

less than required to execute the desired tasks. Results show that, for all control techniques, the main task is 

completely regulated to the desired value, and the secondary task converges to the best reachable pose. 

However, the directional projection 𝑃𝑧 gives the best behavior that is far from singularity and Jacobian ill-

conditioning. This behavior is identified as having minimum secondary task error, manipulability index and 

kinetic energy, and maximum condition number. Nevertheless, it gives a nonlinear trajectory of the control 

points. The oscillations of the projector’s rank are due to the transition between the conditions in the definition 

of projector 𝑃𝑧 in Equation 2. In fact, during this transitional period, the main task uses two to three DOF to be 

completed while aiding the execution of the secondary task. 

In order to substantiate the comparison results obtained for the planar robot, similar conditions are applied to 

the 7 DOF LWR Kuka robot in the same case of insufficient number of DOF (results are shown in Figure 2 and 

Table 4). 

Unlike for the planar robot, the desired behavior is not reached when the orthogonal projection method is used. 

The task of highest priority is regulated to a pose near the desired value in position and orientation. The second 

task; however, converges to the best reachable position without disturbing the main task or destabilizing the 

system as in the planar robot. 

In case of directional projection, the main task converges to the desired values in position and orientation 

without being disturbed by the secondary task. The latter converges to the best reachable position because of 

the lack in DOF. Thus, this method produces similar results for the two investigated robots with acceptable 
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joint velocities and non-linear control points trajectory. 

Differently from the planar robot, both the main and secondary tasks deviate from the desired pose when the 

method of minimum norm solution 𝑃𝛼 is adopted. In addition, the small oscillations in the CP’s motion and the 

high joint velocities and kinetic energy indicate that the system is unstable, and the desired tasks cannot be 

applied using this method.  

Table 4. Performance measures of the LWR Robot for Different Techniques 

Control Type Error Variation 𝑤𝑚 𝑤𝑐𝑜𝑛𝑑  𝐸𝑐 

𝑃𝑒  Exponential 0.015 - 0.017 10 - 28.8 26.7 

𝑃𝑧 Non-Exponential 0.030 - 0.097 7.7 - 24.5 25.8 

𝑃𝛼  Non-Exponential 0.026 - 0.132 7.2 - 24.0 574 

H  Exponential 0.018 - 0.111 7.3 - 36.2 72.3 

Regarding the hybrid control method, the system converges to a position near the desired one, but the end-

effector’s orientation is normally regulated because it is independent of the position part. Although the 

constraint is partially met, the main task is not regulated correctly. Moreover, when the DOF are not sufficient, 

the system approaches more to singularities so that highest joint velocities and accelerations are required to 

execute the desired motion. 
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Figure 1. The 4R planar robot simulation results for different control techniques. 
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Figure 2. The LWR robot simulation results for different control techniques 

CONCLUSIONS AND FUTURE WORK 

Several kinematic redundancy resolution techniques were numerically investigated and compared in controlling 

a 4R planar and LWR robots while executing several simultaneous tasks with specific hierarchy and priority. 

The comparison was performed based on many performance criteria to better interpret the advantages and 

disadvantages of each proposed control method. 

Results revealed that the simulation on both the LWR and planar robots favors the directional projection 

method over the other techniques when there is an insufficient number of DOF in the system. This method 

ensures the stability of the system, the execution of the main task and regulates the secondary task to the best 
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reachable pose. 

The hybrid control and the orthogonal projection methods do not allow for exact regulation of the main task, 

and the method of minimum norm solution results in oscillations and instability of the system. Despite the 

higher rank of the minimum norm solution projector, and thus the higher number of available DOF, the major 

problem of this approach lies in the switching strategy performed near convergence due to projector’s 

singularity. These results can be used to provide important guidelines for the future development of more 

plausible techniques. 

Deploying new techniques can be achieved by using other inverse techniques than the classical pseudo-inverse 

one, or by extending/modifying the Lyapunov stability condition to increase the number of available DOF 

leading to new behavior of the executed tasks. Another option is to combine two different redundancy 

resolution techniques with the aim of improving the overall performance of the system. For instance, 

combining hybrid and hierarchical control methods will minimize the error norm of several tasks, and not only 

the main one, while performing the secondary task(s). In case of several constraints/tasks of equal priorities, 

this com- bination will produce a less restrictive solution which consists to project the secondary task into the 

null space of multiple tasks simultaneously. 
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