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ABSTRACT: The problem of controlling the motion of the center of mass of a service module - a spacecraft serving
the geostationary satellite of the Earth, is considered. To solve the problem of synthesis of suboptimal motion control
of the center of mass of the service module in the service process, it is necessary to apply the method of successive
approximations. But this method has poor convergence. It should be expected that it is directly related to the success
of the initial approximation. To ensure the convergence of the synthesis algorithm, an algorithm for generating an
initial approximation is developed. The efficiency and convergence of the synthesis algorithm for suboptimal motion
control is confirmed by the results of numerical simulation.
KEYWORDS: Optimal control, synthesis of suboptimal control, successive approximation method, spacecraft
servicing.
INTRODUCTION
The problem of controlling the motion of the center of mass of a service module (SM) - a spacecraft serving the
geostationary satellite of the Earth, is considered. Service modules of the service system are based on a circular
equatorial orbit located below the geostationary orbit (GEO). Small thrust engines are used to transfer SM from the
base orbit to the vicinity of the serviced satellite. As a result of linearization of the initial equations of motion in the
vicinity of the reference orbit, a quasi-linear discrete correction model is obtained. The model is formally linear in
state and control vectors. The control vector contains the increments of the characteristic velocity in the orbital
coordinate system, and its module determines the engine operating time, which is included in the expressions of the
coefficients of the equations of motion. This circumstance does not allow to use the well-known linear-quadratic
synthesis method directly. Therefore, sufficient conditions for optimality in the synthesis must use the method of
successive approximations. In this case, the matrix of coefficients of the equations of motion are frozen.
In [1, 2], it was suggested to specify zero initial durations of active sections, which corresponds to impulse thrust.
With very low engine thrust, this led to unsuccessful results. To ensure the convergence of the method, a special
algorithm for generating the initial approximation is developed. It is based on the analysis of the profile of the optimal
trajectory, estimates the required number of corrections from below and formulates the rules for assigning sequences
of active and passive sections of the process of controlling the movement of the center of mass.
MAIN CONTENT
Technical problem statement
The problem of motion control task of the center of mass of the SM of a service system during transfer from the base
orbit to the vicinity of the serviced satellite located in a known position on the GEO is considered. To control the
motion of the center of mass of the SM, low-thrust engines oriented along the axes of the associated orbital coordinate
system are used. It is believed that to obtain the necessary information to control the motion of the center of mass of
the SM, there is an autonomous navigation system on board, the structure and functions of which were proposed in
[4, 5]. This assumption allows us to treat the problem as a synthesis of optimal control from the complete data [5].
At the initial time, the SM orbit parameters are considered known: a, e, ʊ, , , i, where i - semimajor axis; e eccentricity; ʊ - argument of latitude;  - argument of periapsis;  – longitude of the ascending node; i – inclination.
The engines operate in the "on" - "off" mode, creating a constant modulus acceleration in the active section with a
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constant orientation of the axes of the orbital coordinate system. To achieve a given terminal accuracy of transferring
the SM into the vicinity of the serviced spacecraft, several active sections - corrections may be required. The process
of transferring SM to an endpoint consists of “elementary” events - corrections. Each correction contains two sections
- passive (engines off) and active. In this case, the passive section may be equal to zero.
It is assumed that the SM is in the vicinity of the serviced spacecraft, if its orbit parameters satisfy the following
requirements:
- the circulation period T differs from the required T* by no more than Tm ;
- the eccentricity of the orbit is within the tolerance of the relative required em ;
- the average Greenwich longitude  differs from the set value * by no more than  m ;
- the deviation of the inclination of the orbit from the required value of i0 is within im .
As technical limitations, consider the following:
- the duration of the passive sections is limited from below. This will take into account the time required to prepare
for dynamic operations;
- the execution time of the maneuver and the flow rate of the working fluid when transferring the SM from one point
in space to another is limited from above.
The control objective is to transfer the SM from one given point in space to another with a given terminal accuracy
with minimal fuel consumption, taking into account the limitations.
To transfer the SM from one point to another, in general, it is necessary to determine the number of corrections, the
time intervals between corrections, the orientation of the thrust vector and the increment of the characteristic speed at
each correction, taking into account the terminal requirements. The inclination correction is carried out by acceleration
of the binormal direction, which does not affect the motion in the orbit plane. Therefore, controls along the orbit and
along the normal are formed independently.
Mathematical formalization
To construct models of controlled motion, we linearized the equations of perturbed motion in the vicinity of the
nominal circular orbit with a given radius, assuming that the inclination of the SM orbit corresponds to the inclination
of the orbit of the serviced spacecraft.
The model of controlled motion in the orbit plane takes the form [6]:
xk +1 = Ak xk + Bk uk (1 + k ) + Sk +  k , k = 1,N

(

Where xk = yk  k exk eyk

)

T

(1)

; yk - deviation of the average Greenwich longitude from the given;  k - drift speed;

exk and e yk components of the eccentricity vector; N - number of corrections; uk - control characterizing the increment
of the characteristic velocity as a result of correction; k - correction execution error; Sk - systematic non-random
disturbance (non-centrality of the Earth’s gravitational field, etc.).
The vector of additive perturbation is represented in the form  k = Bk k +k , where k - additive error of correction
execution; k - random vector perturbing the prediction of the state vector xk+1.
Matrices Ak and Bk of linearization coefficients have the following form:
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In the stochastic approach, all perturbations (except Sk) are Gaussian with known statistical characteristics.
Herewith:

M  k2  =  2k , M kkT  = H k , Vk = M  k  kT  = Bk H k BkT + Nk
 




The novelty of the motion model (1) lies in the fact that it explicitly takes into account perturbations from the noncentrality of the Earth’s gravitational field, as well as the orientation errors of the thrust vector of the correction engine
[3].
We introduce the generalized control vector U = ( u t





N ) and its admissible region Û = U | tk  tkl , k = 1,N





where u = uk , k = 1,N - sequence of active actions. The duration of the active correction section  k is related to the





module uk of linear dependence  k =  uk , where  - proportionality coefficient; t = tk ,k = 1,N - sequence of
intervals between corrections (duration of passive sections);

tkl

- lower restriction on the duration of the k-th passive

section;
At the initial moment (k = 1), elements of the deviation vector are given. It is assumed that the SM is at a given point
if after the last correction, the elements of the vector xN +1 satisfy the final requirements, i.e.
 yN+1   ym , vN+1  vm ,

2
ex,N+1
+e2y,N+1

ro2

 em

To estimate the characteristic velocity and terminal accuracy we introduce quadratic criteria:
N

J 0 =  ukT uk and J1 = xTN +1 xN +1
k =1

In the stochastic approach, we compile a generalized optimality criterion:

1

J = M  J  = M  i J i 
i =0


(2)

where α is the Lagrange multiplier.
It is required to find a generalized control vector of system (1), which will ensure its transfer from the initial state to
the final one with the required accuracy with the minimum criterion (2), taking into account restrictions.
The algorithm for solving the problem of optimal motion control SM
A combined optimization method is used to solve the optimal control problem [3]. The desired control vector is
divided into two components – programmatic and synthesized.
The programmatic component is the sequence t and the number of corrections N. Necessary optimality conditions and
numerical methods are used to find the program component.
The synthesized component is the sequence u. The u-search block uses a linear-quadratic synthesis algorithm for
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optimal control of a stochastic discrete system. The programmatic component search block at each iteration refers to
the synthesis block, in which the linear law feedback coefficients are determined, which makes it possible to calculate
the active control actions of each correction. Obviously, the synthesized component depends on the programmatic.
Along the way, in the synthesis block, the value of the generalized criterion J is calculated, its components - an
assessment of terminal accuracy (J0) and energy consumption (J1). The value of J is returned to the programmatic
component search procedure. The programmatic component search process ends if the next iteration does not improve
its previous approximation.
The synthesis block uses a sufficient optimality condition in the form of R. Bellman according to the quadratic О.
Bolza criterion (2). Its application, taking into account the linearity of model (1) allows one to find the control law
[6]:

uk = −Lk xk − dk ,

(3)

where the feedback coefficients Lk and compensation components d k are determined by the following recurrence
relations:

(

−1 T
Lk = k−1BkT Kk +1 Ak ; dk = k Bk ( Kk +1Sk + Gk +1 ) ; k = Wk + BkT Kk +1Bk 1 +  2k

)

T
T
Kk = AkT Kk +1 Ak − LTk k Lk ; Gk = Ak ( Gk +1 + Kk +1Sk ) − Lk k dk ;

Ck = Ck +1 + Sp (Vk Kk +1 ) + SkT Kk +1Sk + 2GkT+1Sk − dkT k dk ; K N +1 = K ; CN +1 = 0 ; GN +1 = 0 .
It is easy to see that the feedback coefficients can be calculated from the recurrence relations only if the durations of
the active sites are specified. Therefore, it is necessary to apply the method of successive approximations. The essence
of this method is that if we “freeze” the elements of the matrix of coefficients of the equations of motion, then the
feedback coefficients and compensation vectors are calculated using the recursive relations given above. After that,
they need to be clarified. To do this, we numerically integrate the complete model of controlled motion of the SM
(Newton's equations) taking into account the non-centrality of the Earth's gravitational field, the attraction of the Moon
and the Sun and the pressure of sunlight. At each simulation step, a new control uk and the corresponding duration
of the active section  k is calculated. Along the way, we calculate the total correction time and characteristic speed.
In previous publications, for example [7, 8], poor convergence of the method of successive approximations was noted.
And to control the service module on the GEO in the autonomous mode, the synthesis algorithm must be as stable as
possible. For this, we will use an auxiliary algorithm for generating the initial approximation.
Initial approximation generation algorithm
To generate the initial approximation, we use a simplified model of motion in the orbit plane, developed in [9]. It
includes the equations of evolution of the mean angular deviation, drift velocity and orbit eccentricity:


 y = y +  k v + 0 k u ;
k
k
k
 k +1
2
4

vk +1 = vk + uk ;

e = e2 + c 2 + 2e c cos   +  − 0 k
k
k
k k
k
 k
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2



k = 1..N

(4)


;


Where fk – transversal acceleration from engine thrust;

uk = −


6 k f k
4 fk
; ck = ek sin 0 k ; ek =
;
V0
V00
2

For convenience, we attribute the duration of the passive and active sections to the period of circulation in the nominal
orbit. As a result, we obtain the equation of evolution of the mean angular deviation with dimensionless durations of
the passive and active sections:
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yk +1 = yk + vk tk + k uk  vk + k  , where k =
6

f k T0
2


The algorithm for generating the initial approximation is based on the analysis of possible phase trajectories in the
space “angular deviation (y) - drift (v)”, estimates the required number of corrections from below, and formulates the
rules for assigning sequences of active and passive trajectories.
Phase trajectory analysis:
It is known that when disabling the terminal eccentricity check in (4), no more than two corrections are required to
satisfy the terminal restrictions on the angular deviation and drift velocity. Therefore, to determine the profile of the
optimal trajectory, we disable the verification of terminal eccentricity, analytically solve the first two equations in (4)
with a number of corrections not more than two, taking into account the optimality criterion and restrictions. By the

 

 

result of the solution, we obtain the trajectory profile and control uktw and tktw , k = 1,N , adequate to the optimality
criterion.
When performing one correction, the durations of the passive and active sections are rigidly determined, so it is
impossible to control the terminal eccentricity. When performing two (or more) corrections, it becomes possible to
control the eccentricity.
Figure 1 shows three types of phase correction trajectories on the plane “angular deviation (y) - drift (v)” during two
corrections. The origin corresponds to the target longitude of the SM. Active sections correspond to parabolic
segments of trajectories.
v
b

a
y

c

Figure 1. Trajectories when N = 2
Trajectory type “a” provides a minimum duration of the correction process. The drift velocity increment should be
determined taking into account the limitation on the characteristic velocity. In this case, the duration of the first passive
section should be minimally acceptable. Control components can be determined analytically.
Trajectory “b” occurs in cases where the signs of angular deviation and drift velocity coincide at the initial moment,
or the SM “skips” the thrust switching line earlier than the engine can be turned on.
Trajectory type “c” ensures a minimum characteristic velocity. In order to simultaneously reduce the correction time,
the last passive section should be as short as possible.
Estimation of number of corrections:
Lower estimate of the number of corrections NL can be found from the condition of achieving a given terminal
eccentricity.

e −e 
If Ne =  1 m  ; where e1 - initial eccentricity; em - required eccentricity. Then N L = Ne + 1
 ek 
The rules for assigning sequences {uk} and {tk}:
The initial approximation of the synthesized component is formed taking into account the trajectory profile. With the

 

  at the stage of trajectory profile analysis, we check the terminal eccentricity. If it

obtained control uktw and tktw

does not exceed the permissible value, the control is remembered as the initial approximation of the synthesized
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  can be looking for by numerical method.

component. Otherwise, acceptable control uktw and tktw

If the number of correction is greater than two, we will transform the trajectory options in Figure 1 into the trajectories
shown in Figure 2.

Figure 2. Variants of trajectories on the (y-v) plane when N > 2
For the trajectory of the minimum fuel consumption (Figure 2. “c”) the last active section takes to the maximum
permissible u NH and distribute the rest evenly. u NH is the upper limit on the value of the last control action, at which
the specified terminal accuracy is achieved automatically [6]. In other words:
uN0

=

−uNH

sgn v1 ,

=−

u 0j

v1 − u N0
N −1

j = 1,N − 1 .

sgn v1 ,

 2 *


e 

y
= min 
, N arc sin m  ,  *y - the highest root mean square (RMS) of the angular deviation;
where

em 
  N   N

  N - RMS of execution errors of the N-th correction.
u NH

The durations of all passive sections except the first one are given as minimum allowable, and the duration of the first
section is calculated according to the necessary optimality conditions during braking [6]:


t  t1l
t l ,
t10 =  1
,

 t - in otherwise

t 0j = t lj , j = 2,N ;

where

t =−

(

y1 + s2 v1 + u10

s j = t lj + s j +1

v1

v j +1
vj

) − v

1

2

. To calculate S2, the recurrence relation is used:

, sN +1 = 0 .

 

with the sequence of controls u 0j and the corresponding

v j +1
vj

relations.

For the optimal speed trajectory (Figure 2. “a”), the initial approximation of the braking area is formed similarly to
the previous case, formally assuming y1 = y2tw , v1 = v2tw , where y2tw и v2tw are the angular deviation and drift velocity
after the first correction in the case of two corrections. The initial parameters for the first correction are taken as
obtained by control in the case of two corrections, i.e. u10 = u1tw , t10 = t1tw . The initial approximation for the trajectory
of Figure 2. “d” is formed similarly to the previous one.
RESULTS AND DISCUSSION

169

The Synthesis Algorithm Of Motion Control Of The Center Of Mass Of The Service Module During Spacecraft Servicing On The
Geostationary Orbit

To illustrate the operation of the algorithm, a program was developed in the Delphi Embarcadero environment, whose
interface is shown in Figure 3.

Figure 3. Program interface
The following initial data were used:
- Reference orbit: GEO, required longitude: 95 0; SM parameters: SM weight: 2500 kg; thrust electric rocket engine:
1 N.
- Initial conditions for approaching the serviced spacecraft: longitude SM 92.50; circulation period: 85796 s;
eccentricity: 0.0005; true anomaly: 00; orbit inclination: 10; longitude node: 00.
- Terminal requirements: longitude deviation ≤ 0.10; orbit eccentricity ≤ 0.0005; deviation of circulation period ≤ 5 s.
- Technical limitations: t1l = 12 hours; tkl = 6 hours; k = 2,N ; maximum approach time: 10 revolutions.
For these initial data, if the number of correction is not more than two, the final requirements are not fulfilled.
When the number of correction is 3, the initial approximation generation algorithm yields the values of the passive
and active sections as shown in table 1:
Table 1. The initial approximation values
№ iterations

tk (hours)

 k (hours)

1

34,52

0,126

2

12

0,126

3

12

0,043

Figure 4 shows graphs of the assessment of terminal accuracy and generalized criterion by the number of iterations,
from which it can be seen that the process converges after 6 iterations. The convergence of the solution is shown in
Figure 4.
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Figure 4. Convergence of the solution at the initial approximation by the algorithm
The graph shows that the optimal number of iterations is 4. In this case, the final requirements are satisfied: the
deviation of geographic longitude is 0.020; orbit eccentricity: 0.000346; deviation of the circulation period 0.235. The
characteristic velocity is 5.49739 m/s.
The phase portrait of the transfer process is shown in Figure 5:

Figure 5. Phase portrait of the transfer process at the initial approximation by the algorithm
The result of modeling the transfer process using a full non-linear model is shown in the table 2:
Table 2. The result of modeling the transfer process using a full non-linear model
y [deg]

v [deg/rev]

e

Initial conditions

-2.50

1.53791

0.0005

1-st engine start

-0.233967

1. 53791

0.0005

1-st engine shutdown

-0.111705

0.449624

0.00157117

2-nd engine start

0.0795382

0.449624

0. 00157117

2-nd engine shutdown

0.0494292

-0.196417

0.000300403

3-rd engine start

-0.0187434

-0. 196417

0. 000300403

3-rd engine shutdown

-0.0198572

-0.0002382

0.000345932

Estimated RMS

0.00001

0.00098 (0.235с)

To confirm the correctness of the proposed initial approximation generation algorithm, we present the result of the
search for a solution to the synthesis problem with a zero initial approximation of active sections under the same initial
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conditions.
The corresponding illustrations are shown in Figures 6 and 7. Figure 6 shows that the modeling process converges
after 6 iterations. But in this case, terminal eccentricity (0.001799) does not satisfy the requirements.

Figure 6. Convergence of the solution at zero initial approximation

Figure 7. Phase portrait of the transfer process at zero initial approximation
The result of modeling the transfer process in the case of zero initial approximation is shown in the following table:
Table 3. The result of modeling the transfer process in the case of zero initial approximation
y [deg]

v [deg/rev]

e

Initial conditions

-2.50

1. 53791

0.0005

1-st engine start

-0.236336

1. 53791

0.0005

1-st engine shutdown

-0.108138

0.401933

0.0016556

2-nd engine start

0.0384369

0.401933

0.0016556

2-nd engine shutdown

0.0365813

0.372754

0.00152182

3-rd engine start

-0.0353545

0.372754

0.00152182

3-rd engine shutdown

-0.0158582

0.0034609

0.00179939

Estimated RMS

0.00003

0.00184 (0.442 c)

CONCLUSION
An algorithm for generating the initial approximation in the problem of synthesis of center of mass of SM of motion
control using the combined optimization method is developed. The algorithm is able to create an initial approximation
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that ensures the convergence of the solution to the optimal one. The developed algorithm opens up the possibility of
using the combined optimization method in the synthesis of suboptimal control of a stochastic nonlinear dynamic
system (service module) in an integrated autonomous control system for the motion of the center of mass of the service
module when servicing spacecraft on GEO.
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