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ABSTRACT: Due to its obvious role as a mechanical controller engaging most of mechanical applications, 

cam has been paid a lot of attention regarding its dynamic behavior. This work analyzes the induced static and 

dynamic forces associated to its work and evaluates its effective value by formulating the camshaft dynamic 

load factor to be used in static analysis of the camshaft dynamic performance. The instantaneous dynamic 

interaction force has been formulated according to Newton's 2nd law to be used in evaluating the dynamic 

contact stress taking into account the damping ratio, the dynamic load factor and the wear rate concerning to 

Archared wear equation. Analytical results traced the induced static and dynamic contact forces as well as their 

resulted contact stresses at different points along the cam curvature and implied that the max. static and 

dynamic stresses take place at different positions which make it impossible to formulate the dynamic load 

factor to the cam itself. FEM has been used to evaluate the static contact stress value and distribution to be 

compared with that of Hertz equation to check the validity and it showed that the discrepancy percentage was 

about 3.8%. 
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INTRODUCTION 

With the aim of converting the angular motion to a reciprocating one with a predesigned height-time profile 

especially in automated mass production industries, cam stands as an indispensible dominant element to do 

such duty because of its simple design with wide range of cam follower arrangements, small in size, and it 

consists of few moving parts. In general cams could be divided into three main groups referring to their shapes 

that are wedge, plate and cylindrical cams [1]. Another classification depends on the follower motion and 

divides cams into uniform velocity, simple harmonic motion, uniform acceleration and retardation, and 

cycloidal motion or on the follower shape as [2] knife- edge follower, roller follower, flat face follower, and 

spherical face follower. 

Cam development were the subject of numerous researches regarding the survival under their working 

environment ,which are almost accompanied by high loads, temperature,  and pressure change, focusing on the 

kinematic  behavior, contact stress endurance, wear resistance as well as the reduction of vibration, heat 

generation and the emission of noise [3]. It is well known tht the harmonic cam element is better than the other 

cam types regarding the emission of noise and wear rate and that the cause behind its wide application [4]. 

This work spots the light on the harmonic cam-follower system with roller contact mechanism regarding its 

dynamic performance to investigate the induced dynamic forces which is interpreted in terms of the camshaft 

dynamic load factor (DLF). It is known that the cam- applied forces are variable in two ways that are the 

spatial related- variable load i.e. (static load) which is affected by the cam curvature and the time dependent- 

variable load that is the inertia forces i.e. (the dynamic load) [5]. Based on the harmonic cam shape geometry 

the static and dynamic induced contacting forces are calculated according to the Newton's second law to be 

used in Hertz equation in order to evaluate the maximum induced dynamic contact stress and its static 
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counterpart one. The validity of the stress results are checked using FEM Ansys solver vers. 15 and show that 

Hertz equation is trustworthy to trace the cam stress. The camshaft steady state dynamic deflection is extracted 

as the solution of a non-homogenous second order ordinary differential equation to be used in the evaluation of 

the dynamic load factor (DLF). 

OBJECTIVES 

This research was carried out with the aim of achieving two main objectives The first one is to analyze the 

static and dynamic contact stresses of the harmonic motion cam during the whole course of action while the 

second goal is to find the dynamic load factor for the camshaft to be used in the static analysis of the camshaft 

dynamic performance. 

METHODOLOGY 

In order achieve the mention objectives; this research will depend on theoretical and numerical analysis. 

Theoretical analysis calculate the contact stresses depending on the Hertz equation in addition to the steady 

state dynamic response to the camshaft deflection. The numerical analysis depends on the FEM to find the 

contact stress and to verify the validity of the boundary conditions and load application of the analytical 

solution comparing the analytical results with numerical one. 

CAM FORCE ANALYSIS 

The predesigned characteristics of the follower motion control its cam profile and force the system to response 

in a certain way reflecting its interaction behavior with respect to the induced follower acceleration and spring 

force. It is well known that the kinematic components for harmonic motion cam follower system are [6]: 
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Where 

𝒓𝒃 is the cam base radius, s is the max. follower rise distance, β is the rising or falling angle depending on the

under consideration cam profile as shown in Figure (1). The spring force is an angular position- dependent 

variable which varies in its static situation with its maximum value at maximum lift. The harmonic 

acceleration depends on the profile and angular speed. The dynamic equilibrium equation is  

𝐹𝑐 = 𝑚𝑓�̈� + 𝑘𝑠(r − rb)      (4) 

Equation (4) is a parametric one and could be expressed in its explicit form by substituting Equations (1) and 

(3) in Equation (4) to be in terms of θ as  
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      (5) 

𝐹𝑐   : Contact force.

𝑚𝑓 : Mass of follower.

r     : Cam radius of curvature. 

�̇�    : Follower lift speed. 

�̈�    : Follower lift acceleration. 

𝑘𝑠  : Spring constant

The general equation of motion for the cam shaft for single cam could be idealized to be 
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𝑚�̈� + 𝑐�̇� +  𝑘𝑢 =
𝑠

2𝛽2 𝑐𝑜𝑠(𝛺𝑡)[𝜋2𝜔2𝑚𝑓 + 𝛽2𝑘𝑠(𝑠𝑒𝑐(𝛺𝑡) − 1)]    (6) 

Where  𝜃 = 𝜔𝑡   ,    𝛺 =
𝜋𝜔

𝛽
 ,     u is the vertical deflection of the shaft.

The solution of Equation (6), regarding steady state response or the forced response is 
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where    𝜉 =
𝛺

𝜔𝑛
  and  𝜁  is the damping ratio 

The maximum static deflection of the camshaft due to the follower spring force is 

𝑢0 =
𝐹0

𝑘
=

𝑠𝑘𝑠

𝑘
  (8) 

where k is the shaft stiffness and its value (𝑘 = 48 𝐸𝐼 𝐿3⁄ ) under simply supported conditions. The dynamic

contact force and its associated relative sliding motion, for other than the rolling contact mechanism, put the 

cam under the friction state which is the cause of heat generation and wear setup. Wear is a phenomenon of 

surface damage by the relative sliding motion between the mating contacting surfaces that leads to material 

removal. In general, wear rate has been studied and modeled as [7] 

𝑊 = 𝑘𝑤 ∗ 𝐹𝑐 ∗ 𝐷      (9) 

𝑊 : Worn out volume rate 

𝑘𝑤 : Constant of proportionality.

D: Sliding distance. 

DYNAMIC LOAD FACTOR 

In quick load application, systems tend to resist the excitation and vibrate similar to their spring supported 

mass equivalent model. The response of the system under dynamic loads instantaneously change in such way 

indicates that the applied load is greater than its real value. In most Mechanical applications dynamic load 

factor (DLF) quantity is ranging from 1 to 2 which is associated to the sudden applied loads for large duration 

compared to the system natural period and in some applications it may reaches 10 or more depending on 

excitation frequency, natural frequency, damping ratio, and natural duration. DLF represents the ratio 

instantaneous dynamic stress or displacement to their static counterparts under the maximum dynamic load 

which is variable according to the time mapping domain in addition to that it is dimensionless and independent 

on the load value where [8] 

𝐷𝐿𝐹 =
𝑢(𝑡)

𝑢0
=

𝜎𝑑

𝜎𝑠𝑚𝑎𝑥
   (10) 

It has no diagnostic mean in mechanical applications but its maximum value that plays a key role in design 

which is referred to as the magnification factor (MF) that is calculated at resonance zone as [9] 

𝑀𝐹 =
𝑢𝑚𝑎𝑥.

𝑢0
=

𝜎𝑑𝑚𝑎𝑥.

𝜎𝑠𝑚𝑎𝑥.
 (11) 

Where  𝑢(𝑡) ,  𝑢𝑚𝑎𝑥. ,  𝜎𝑑  , 𝜎𝑑𝑚𝑎𝑥.  ,  are instantaneous and maximum dynamic deformations and stresses

respectively, 𝑢0, 𝜎𝑠𝑚𝑎𝑥., is the maximum static deformation and stress.

Sub. Equations (7) and (8) in Equation (10) yields 
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The cam is dealt with as a concentrated load on simply supported beam regarding the stiffness idealization, the 

material is structural one with isotropic linear elastic behavior. Table 1 lists the studied cases geometrical and 

mechanical properties. The cam follower system is shown in Figure 2. 

Table 1. Geometrical and mechanical properties of the studied cam- follower 
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Figure 1. Harmonic cam shape and terminology 
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Figure 2. Harmonic cam shape and terminology 

ANALYTICAL STRESS ANALYSIS 

Due to its compact design, cams suffer of high contact stresses that lead to increase the wear rate and service 

temperature. Failure avoidance design of cam depends on the cam and follower interaction i.e. rolling or sliding 

and conforming or nonconforming interaction. This work studies the behavior of harmonic cam with roller 

follower which has no wear rate and low temperature induction. The contact stress will be analyzed according 

to Hertz equation in terms of the contacting surfaces geometry i.e. roller and cam radii and thickness as well as 

the mechanical properties that are the modulus of elasticity and Poisson's ratio in addition to the applied load 

[10] where 
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Where 𝜎𝑐 is the contact stress, F is the applied load, t is the face width, 𝑟 and 𝑟𝑓 are the cam and the follower

radius of curvature at the contact zone, 𝐸𝑐 and 𝐸𝑓 are the modulus of elasticity for the cam and follower. The

contact area of the mating bodies which is a rectangle area of length equal to the cam thickness and its width b 

equal to:  
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FINITE ELEMENT APPROACH 

Regarding the ease of use and time saving accompanied by its reliable results, FEM stand as the most efficient 

in hand tool that solves most of engineering disciplines problems. The conducting of FEM requires some 

knowledge about the theoretical formulation of the sought aspect, the acceptable assumptions, the expected 

results and its associated errors which is related to the type of elements and its size as well as the simulation of 

the working conditions or analysis type and the mechanical properties. The present numerical investigation 

apply the following procedure. 

The 3-D cam model has been built according to Equation (1) in term of R and  then extruded to the addressed 

cam thickness while the follower is a cylinder. Convergence test has been adopted to choose the right element 
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type and size to avoid the discretization and round off errors, it has been found that the best element type that 

fit the cam shape is brick solid element with 20 nodes and the sufficient element number is 8000 elements to 

trace the induced cam direct stresses while the contact stress has been investigated as a frictionless contact with 

contact element 174 to represent the cam surface and target element 170 to represent the follower surface [11] 

and the number of contact element is 500 for the surface and target. The mechanical properties has been chosen 

to be the same for the cam and follower to be structural, linear, elastic, isotropic with E= 200 Gpa and 𝜈 =0.3. 

The applied load is 250 N in the negative y direction that is applied to the follower center to be pushed toward 

the cam element at  =60  i.e. when the cam r=75 mm. The boundary condition is that the cam is free to rotate 

about its center while the follower is free to rotate about its center and free to translate in y direction [12]. 

RESULTS AND DISCUSSIONS 

Depending on the analytical results the following facts must be clarified and discussed at first. 

The applied static load (spring force) during the rising and descent courses of the rotation of cam element are 

shown in Figure 3 which have been evaluated according to Equation (4) by sub. �̈� = 0, it is clear that the max. 

static load is 250 N and takes place when = 60. 

The induced static contact stresses curve during the cam rotation is shown in Figure 4 with its max. value equal 

to 264 N/mm2 which is calculated according Equation (13) and located at max rising position. 

Figure 5 shows the applied dynamic load values during the cam rotation, it is clear that the max. dynamic load 

value takes place at the start of rotation and equal 4362 N which decreased to reach its zero point i.e. there is 

no contact between the cam and its follower which means that the follower has a kinetic energy larger than the 

spring elastic energy in the opposite direction then return to contact the cam after a period. At =0, cam is 

more probable to be worn than other contact positions. 

Figure 6 shows the induced dynamic contact stress with max. value of 1150 N/mm2. 

It is important to notice that the static contact stress takes place at the max. rising position i.e. at  = 60 and r 

=75 mm while the max. dynamic contact stress takes place at the start of the action course at  = 60 and r = 

50 mm which mean that the dynamic stress has been scaled in value and position due to the cam geometry and 

kinematic of its harmonic motion. Because of the different positions of static and dynamic stresses, it is hard to 

find the DLF for the cam element itself according the ratio of the max. dynamic stress to max. static stress 

depending on Equation (11), while it is possible to do so in case of camshaft because of that the max. and min. 

stresses takes place at the same position. 

The camshaft dynamic load factor for different damping ratios has been expressed in Figure 7 based on 

Equation (12) and it is clear that the higher the damping ratio the lower the dynamic load factor and deflection 

and for frequency ratio 𝜉 larger than 3 the vibration dose not affected by the damper and it must be controlled 

by the spring only, in addition to that the increasing of the damping ratio seriously minimizing the DLF in the 

vicinity of frequency ratio 𝜉 =1.  
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Figure 3. Spring force variation during the rice and decent courses 

 

Figure 4. Static contact stress during the rice and decent courses 

 

Figure 5. Dynamic force variation during the rice and decent course 

 

Figure 6. Dynamic contact stress during the rice and decent courses 
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Figure 7. Dynamic load factor variation with the variation of the frequencies ratio (𝜉) for different damping 

ratio () 
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The FEM results in Figure 10 analyze the induced static contact stress at the max rising position at the max. 

applied load i.e. 250 N and =60. The max. contact stress is 274 MN/mm2. The percentage of discrepancy 

about 3.8% compared to the analytical result in Figure 4. 

CONCLUSIONS 

From the whole results there are some concluding remarks which can be withdrawn such. 

1. Cam is more probably to be worn at the portion of intersecting of the base profile with rising one. 

2. Cam shape affect the contact stresses in two ways i.e. controls both of the applied dynamic force and the 

radius of curvature, and their effects are opposite. 

3. Cam magnification factor couldn't be founded from the ratio of the Max. dynamic stress to the Max. 

static stress.  

4. Damping ratio is worthless to control the vibration in case of frequency ratio more than 3 while it has 

the key role in vicinity of the resonance. 

5. The stiffness could control the vibration for high load frequency. 

NOMENCLATURE 

b: contact zone half width (mm). 

Ec , Er : Cam and follower Modulus of elasticity, respectively (N/m2) 

Fc :Applied load (N) 

I: second moment of area (mm') 

L: Shaft length (mm). 

P:max maximum contact pressure (N/mm2). 

rb: Base radius of cam (mm) 

rc, rf: Cam and Follower radius of curvature, respectively (mm). 

S: Cam stroke (mm). 

t: Face width (mm) 

�̇� : Follower velocity (mm/s). 

�̈�: Follower acceleration (mm/s2). 

: angular position (degree) 

vf, vc Follower and cam Poisson's rations. 

β : Rising or falling angle (degree). 
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