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ABSTRACT: This paper is concerned with the investigation of the parametric stability of simply of supported
elastic columns subjected to different types of pulsating axial dynamic loadings. The governing equation of the
problem is reduced to a time-domain function by applying Galerkin method instability. These regions of this
system are determined using the procedure proposed by Boletin. The primary and secondary parameter
instability regions of the system subjected to rectangular and triangular periodic forces. The results have been
analyses and compared with the results that obtained for a sinusoidal periodic force. Further, with increasing the
added value of the (μ2), the secondary instability zone expands and the lower border of the primary region shifts
to the top and there were no tangible effects on the boundaries of the instability areas when adding (P6 cos6θt,
P5 cos5θt ....... etc.) to the initial dynamic force (P0 + P1cosθt).
KEYWORDS: parametric stability, elastic columns, dynamic loadings; sinusoidal periodic forces.
INTRODUCTION
The stability issue of columns that subject to periodic loads has expanded during the past few years. Under
special circumstances, it has been known that the usual forced response will become instability dynamically
which leading to violent vibrations which are called parametric vibration like rotating machinery. A group
researcher provided an extensive discussion of studies on this topic [1]. In other study, researchers have
discussed these issues with their classification. Using the Finite Difference method [2]. Some researcher’s
lessons stabilize columns that are tightly secured by fixed ends, as well as simple-textures [3]. In another study,
type of instability called (Combination Resonance) was discussed for four types of stabilization cases for both
ends of the columns [4]. The instances of instability of Tapered columns with simply installed from both ends
were studied theoretically and practically (where they found no effect the slope factor at the boundary of the
instability areas compared to the regular columns [5,6]. Theoretical studies were also conducted on the effect of
Pre-Twisting Angle on the instability of the flexible columns of different types of fixing the ends [7]. As for
Ramu, in addition to the primary and secondary instability areas, other areas of instability called (Combination
Resonance) were found equal to or more dangerous than the primary and secondary instability areas [8]. The
previous studies in the field of educational stability are related to a special type of periodic force, which is the
axial sinusoid type (PO + 𝑝1 𝑐𝑜𝑠θt). While this work aims to study the effect of a general periodic axial force
such as a force with a rectangular or a triangular wave on the borders of other areas of instability of the gravity
of these two regions in practice.
MATHEMATICAL ANALYSIS
The Equation of the Transverse Movement of the Column
The column is a regular and has a transverse body, Figure 1 and using Euler theory to discuss the spontaneous
response of the column, where shear distortion and rotational inertia are negligible ]9]. In addition, the effect of
longitudinal inertia and initial curvature are imposed in small quantities, as long as the analysis is related to
lower areas of instability]10-9[ . Finally, the analysis below does not include the damping, so the equation for
movement will be [2].
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Where El is the Flexural Stiffness of the column, y is the Transverse displacement of the column, x is the
Longitudinal coordinate toward the axis of the column, t is the time, ρA is the unit mass of the column and P(t)
is the rotating axial force.
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Figure 1. Column Coordinates
The rotating force P(t) can be written as:

(t ) =





i =0

pi cos it

pi is the Fourier Series Coefficients corresponding to the type of force P(t), so equation (1) will be as follow:
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The solution to equation (2) can be as below [10]:

y (x, t ) = f (t )sin

x

.......(3)

I

Where f (t) is the vibration amplitude in the first layout, time-dependent column format. By substituting (3) in
(2) and using Galerkin variations for the column with both ends. Thus, the non-dimensional equation will be
reproduced as follows:

(

..
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f + 2 1 − 2i =0 i cos it f = 0 ,

f =

d2 f
dt 2

........(4)

Where Ω is the natural frequency of the column under the Pi static load, and μi is the excitation coefficient.
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pe is the Euler buckling load.
Finding Areas of the Parametric Instability
A group researchers explain that the areas with an unbounded solution of the equation (4) are separated from the
regions with a restricted solution by periodic solutions with T and 2T periods where [2]. In other words, two
solutions with two similar periods have limited the zone of instability and two solutions with two different
periods surround a zone of stability. The areas confined to two solutions that have a 2T period are the areas of
instability, as they are for the primary instability areas, while the secondary areas of instability are confined to
two solutions with a period of T, and on this basis the primary instability areas:

jt
jt 

f (t ) =



i =1, 2 , 3
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+ b j cos

.........(5)
2 
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f (t ) =





i =0 , 2 , 4

jt
jt 

+ b j cos
 a j sin
......(6 )
2
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Substitute Eqs. 5 and 6 in Eq. 4 to get the true solution (non-trivial) for the constructed equations. So, the
following limited solution will govern the boundaries of the primary instability zones. All solutions were
remedied by MATLAB:
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The following limits lead to obtain the boundaries of the secondary instability areas:

 
1 + 2 −  
 

− (1 −  3 )

− ( 2 −  4 )

− ( 3 − 5 )

− (1 −  3 )

 2 
1 + 4 _ 


− (1 −  5 )

− ( 2 −  6 )

− ( 2 −  4 )

− (1 − 5 )

 3 
1 + 6  


− (1 −  7 )

− ( 2 −  4 )

− ( 2 _  6 )

− ( 4 −  6 )

− ( 3 −  7 )

 4 
− (1 −  7 ) 1 + 8 − 

 
− ( 2 − 8 )
− (1 −  9 )

1

− 1

− 2 1

 
1 − 2 −  


− 2 2

2

− (1 + 3 )

= 0 ....(8)
2

− 2

3

− (1 + 3 )

− ( 2 +  4 )

 2 
1 − 4 − 

 

− 2 3

− ( 2 −  4 )

− (1 + 5 )

− 1 4

− (3 + 5 )

− ( 2 +  6 )

2

− (1 + 5 )
 3 
1 − 6 − 


  + 7 

−  1



= 0 ....(9)
2

RESULTS AND DISCUSSION
By writing the periodic rectangular and triangular force, as shown in figure 2, respectively:

1
1


p(t ) = po + p1  cos t − cos 3t + cos 5t.... ……(10)
3
5
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1
1


p (t ) = po + p1  cos t − cos 3t +
cos 5t....  ……(11)
5
25


The primary and secondary instability limits zones of the first mode for both sides simply supported column are
calculated by the computer (use MATLAB program). This was done by solving the matrix of the three equations
(7, 8 and 9). Figure 3, explains the instability zones of the three periodic forces. From this figure, it can be noted
that the primary zone limit doesn’t affect even at the high values of the excitation parameter while the zone get
off by the sinusoidal periodic force for the same excitation parameter. Also, at (5.μ1=0.5), the increasing or
reduction in the secondary instability zone-wide about (+27%, -9%) when applying rectangular or triangular
periodic force comparing with sinusoidal periodic force.

Figure 2. Different types of periodic axial force A: sinusoidal, B: Rectangular, C: triangular
In equation (7), which controls the primary instability zone, the solving of matrix (2 x 2) gives a result within
±5% from this that calculated with high grade matrix even at high values of the excitation parameter. In another
word, the absent of) μ2) from the Fourier series of the rectangular, triangular periodic force and small equations
that are related to (μ5,μ3), led to a slight difference in calculated values between the sinusoidal, rectangular and
trigonometric forces. In another side, the effect of (μ3) is clear when solving matrix with a third or second grade
to obtain the secondary instability zone limit. The sign of (μ3) refer to the increasing or reducing the zone area.
In addition, (μ4, μ5,..) had similar effects but in a very small values due to the their position in the matrix.
Moreover, the addition of the secondary force, P2cos2θt, to the primary dynamic force, PO +P1cosθt, had an
obvious effect on primary instability zones. Where, it will be moved up to the upper limit leading to a decrease
in the area of this dangerous area.

Figure 3. Region of parameter instability belongs to three types of axial loading
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A significant effect was also observed on the boundaries of the secondary instability zone, where, with
increasing (μ2), the area increased sharply, Figure 4. This phenomenon is due to the fact that the frequency (θ)
of the dependent (P1), there are areas of primary instability primary, secondary and third .... etc. with decreasing
areas of one relative to the other. Similarly, there are regions similar to the frequency (2θ) of the force (P2), as
the secondary region generated by the frequency (2θ) is identical to the secondary region generated by the
frequency (θ), causing this phenomenon. The resulting region is not the algebraic sum of the two regions, but
their sum will be according to the determinants, [9, 8]. A small effect of high values of (μ3) was observed on the
boundaries of the region for the initial instability, as shown in Figure 5, while a clear decrease of the area
occurred in the secondary zone.

Figure 4. Effect of added (μ2) on regions of instability
The boundaries of this region intersect at a displacement point to the right causing two instability regions to
occur. From the value (μ1 = 0) to the intersection point, the lower bound becomes top and vice versa. The
boundaries of the secondary instability zone were shifted slightly when adding a secondary force (P4 cos4θt) to
the primary dynamic force (P0 + P1cosθt). Also, no effect of this force was observed on the boundaries of the
primary region. The engineering view of the P6 cos6θt, P5 cos5θt forces has no influence on the boundaries of
the primary and secondary instability regions, figure 6.

Figure 5. Effect of added (μ3) on regions of instability
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Figure 6. Effect of added (μ4) on regions of instability
CONCLUSIONS
Through the parametric stability of the flexible columns under the influence of different types of axial dynamic
periodic loading, the results are as follows:
1. The boundaries of the initial instability zone were the same for the three periodic forces (sinusoidal,
rectangular, and trigonometric). As for the secondary instability zone, their area increases or decreases
according to the type of loading.
2. With increasing the added value of the (μ2), the secondary instability zone expands and the lower border of
the primary region shifts to the top.
3. A slight effect on the primary region boundaries is observed when adding an impact force of type (P4cos4θt,
P3cos3θt) and a clear decrease in the area of the secondary area when adding the P3cos3θt force.
4. There were no tangible effects on the boundaries of the instability areas when adding (P6 cos6θt, P5 cos5θt
....... etc.) to the initial dynamic force (P0 + P1cosθt.
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