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ABSTRACT  

This paper introduces an optimization study to design the smallest mass gearbox. To carry out this study, a 

simulation experiment with 10 main design parameters was designed and conducted. From the results of this 

experiment, the influence of the main design parameters on the optimum gear ratios of the gearbox was 

investigated. In addition, regression formulas to determine the optimum gear ratios aiming at the minimum 

gearbox mass have been proposed. The formulas found are in the form of explicit functions, so they are very 

convenient for practical application. 
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INTRODUCTION 

The gearbox is the main element of a mechanical drive system. It is used to reduce the speed of the motor, 

increase the torque to serve the needs of the working machines. For that reason, the optimum design of the 

gearbox has been, is and will continue to be a topic of much interest. Many researchers have confirmed that the 

problem of calculating the optimal gear ratio is a decisive problem when designing a gearbox. It can be said that 

because the gear ratio is a parameter that greatly affects the size, the volume, the mass, and the cost of the 

gearbox. That is why many studies are conducted on determining the optimal gear ratios. So far, there have been 

quite a few studies on determining the optimum gear ratio. Studies have been conducted for different types of 

gearboxes such as helical gear gearboxes [1-9], bevel gearboxes [10-13], worm gearboxes [4, 14-16], or 

planetary gearboxes [17]. Studies are also conducted for gearboxes with different gear stages such as two stages 

[1-3, 6-8], three stages [9-13, 18, 19], or four stages [20]. In addi-tion, in this optimization problem, many 

different objective functions have also be-come the subject of studies such as minimum gear mass [9], minimum 

gearbox length [5, 6, 9, 20], minimum gearbox cross-section [1-3, 10, 12, 15, 16, 18, 21], the reasonable 

gearbox structure [4, 14], or minimum gearbox cost. This paper introduces a new study on calculating the 

optimum gear ratio of a 4-stage helical gearbox to aim at the smallest gearbox mass. The impact of key design 

parameters on the optimal gear ratio was evaluated. Moreover, regression formulas to determine the optimum 

gear ratios have been proposed. 

OPTIMIZATION PROBLEM 

The mass of a four-stage helical gearbox,    , is calculated by: 

              (1) 
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Where,   ,    , and    
are the mass of gears, the mass of gearbox housing and the mass of shafts, 

respectively. These mass components can be calculated as follow: 

Calculating gearbox housing mass 

The gearbox housing mass (   ) can be determined by: 

            (2) 

Where,     is the weight density of material of the gearbox housing; As the material is cast iron,         

(kg/m
3
) [22];     

 
is the gearbox housing volume (m

3
) which can be determined by: 

                     (3) 

In which,   ,    , and     are the volumes of the bottom plate, the side A1, and the side A2 (kg), respectively. 

These volumes are found as (Figure 1): 

               (4) 

           (5) 

                          (6) 

Substituting (4), (5), and (6) into (3) have: 

                                        (7) 

Wherin, L, H, B1, and SG can be determined by: 

                                                           (8) 

                              (9) 

                                  (10) 

               [23] (11) 

 

Figure 1. Calculated schema 
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Calculating gear mass 

For a four-stages helical gearbox, the gear mass is determined by: 

   ∑    
 
    (12) 

Where,     is the gear mass of  stage i (     ) which is found by: 

       (
         

     

 
 

         
     

 
) (13) 

In the Equation (13),    is the weight density of gear material (kg/m
3
); as the gear material is steel,         

(kg/m
3
) [22];   and

 
   are the volume coefficients of the drive and driven gears. In practice, they can be 

choosen as     , and       .     
is the width of the gears calculated by:              (mm). 

Shaft Mass Calculation 

The shaft mass is calculated by the following equation: 

   ∑    
 
    (14) 

Where,     is the mass of shaft i (     ) which can be determined by: 

            
        (15) 

In which,     is the mass of shafts i of the gearbox (kg);    is the weight density of shaft material; As the 

material of all shafts is steel,         (kg/m
3
) [22];     

is the length of shaft i (     ) which is calculated 

by (see Figure 1): 

               (16) 

               (17) 

               (18) 

In the above Equations,     is the diameter of shaft i (     ) which is found by: 

                ] ]     (19) 

Wherein,   ]
 
is the allowable shear stress;   ]= 17 Mpa [24]. 

Calculating the centre distances 

The center distance of the i stage of each gear set of the gearbox is found by: 

              √             ]
          

 
 (20) 

In which,     is the contacting load ratio for pitting resistance; For this gearbox,         [24];     ] is the 

allowable contact stress of the i stage (     ) (MPa);    is the coefficient of material; With the gear 

material is steel,   = 43;      is the wheel face width coefficient of the i stage;     is the torque on the drive 

shaft of the i stage (Nmm) which can be calculated by: 

    
  

∏        
       

     
   

 (21) 

In addition, the pinion and the gear pitch diameters of the i stage (     ) is calculated by [24]: 

                  (22) 

                      (23) 
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Optimization Problem 

From above analysis, the optimization problem to find optimum gear ratios to get the minimum gearbox mass is 

described by: 

Minime      (24) 

Satisfy the following constraint:  

          (25) 

EXPERIMENTAL SETUP  

To understand the influence of main design parameters on the optimal gear ratio, a simulation experiment was 

performed. In this experiment, 10 main design parameters were selected for this study (Table 1). In addition, 

Minitab R19 software was used to design screening experiments with 1/8 factorial design equivalent to       

     selected experiments. Experimental plan and the output responses (the gear ratios             ) are given 

in Table 2. 

RESULTS AND ANALYSIS 

Table 1. Main design factors and their levels 

Factor Code Unit Low High 

Total gearbox ratio    - 70 180 

Wheel face width coefficient of stage 1 Xba1 - 0.3 0.34 

Wheel face width coefficient of stage 2 Xba2 - 0.32 0.36 

Wheel face width coefficient of stage 3 Xba3 - 0.34 0.38 

Wheel face width coefficient of stage 4 Xba4 - 0.36 0.4 

Allowable contact stress of stage 1 AS1 MPa 350 420 

Allowable contact stress of stage 2 AS2 MPa 350 420 

Allowable contact stress of stage 3 AS3 MPa 350 420 

Allowable contact stress of stage 4 AS4 MPa 350 420 

Output torque outT
 

Nmm 1000 10000 

The Influence of Input Parameters 

Figure 2 shows the influence of the main design parameters on the optimal gear ratios    (Figure 2.a),    

(Figure 2.b), and    (Figure 2.c). From Figure 2.a, when    changes from 70 (encoding value is -1) to 180 

(encoding value is +1), the objective function    changes from 1.1 to 1.75234. The slope of this graph is 

(1.75234 – 1.1)/2 = 0.32617. Similarly, the slope of    when     ,     ,     ,     ,    ,    ,    ,     and, 

     change respectively: (1.42734 – 1.425)/2 = 0.00117; (1.42734 – 1.425)/2 = 0.00117; (1.43047 – 1.42187)/2 

= 0.0043; (1.4375 – 1.41484)/2 = 0.01133; (1.44062 – 1.41172)/2 = 0.01445; (1.46953 – 1.38281)/2 = 0.04336; 

(1.43125 – 1.42109)/2 = 0.00508; (1.45781 – 1.39453)/2 = 0.03164 and (1.43125 – 1.42109)/2 = 0.00508. 

Qualitatively, the influence of    on    is the largest; next is the influence of parameters    ,    ,    ,     , 

    ,    ,     , and the smallest effect is     ,     . 

Table 2. Experimental plan and the responses 

Run 

Order 
                       AS1 AS2 AS3 AS4 Tout          

1 180 0.3 0.32 0.38 0.36 350 350 350 350 10000 1.95 5.55 4 

2 70 0.3 0.36 0.38 0.4 420 420 420 350 1000 1.1 4.25 4.15 

3 70 0.34 0.32 0.38 0.36 350 350 350 420 1000 1.1 3.75 3.75 

4 70 0.3 0.32 0.38 0.4 420 420 350 420 10000 1.1 3.95 3.5 
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Doing the same as above for    and    we have: With u2, the influence of    is the largest; followed by 

parameters    ,    ,    ,    ,     ,     ,     , and finally     ,     . With u3, the influence of     is the 

greatest; then comes the influence of   ,    ,    ,     ,     ,     ,    ,      finally     . 

Figure 3 describes the Normal Plot of the standardized effects for    (Figure 3.a),    (Figure 3.b) and    (Figure 

3.c). In Figure 3.a (for   ), the graph is plotted for the objective function with significance level α = 0.05. The 

brown squares represent important elements. These factors include: A (variable   ), D (variable     ), E 

(variable     ), F (variable    ), G (variable    ), H (variable    ), J (variable    ), K (    ) and 2nd order 

interactions: AD (       ), AE (       ), AF (ut*AS1), AG (      ), AH (      ), AJ (      ), AK 

(       ), BE (         ), GJ (       ), GK (        ), HJ (       ). Accordingly, variable A has the 

strongest influence on   ; followed by G, AG, AJ, J, F, AF, E, AE, AH, K, AK, H, AD, D, GK, GJ, HJ and 

finally BE. 

Proceed similarly with u2 and u3, the results are as follows: With u2, variable A has the strongest influence, 

followed by G, AG, J, AJ, F, AF, H, AE, E, GJ, GK, C, AD, AC, AK, CG and finally DK. With u3, Variable H 

has the strongest influence, followed by A, G, J, K, D, E, AH, HJ, F, GH, AF, AJ, C, HK, AK, AE, EH and last 

is GK. 

 

a) 

 

b) 

5 180 0.3 0.36 0.34 0.4 420 420 350 420 1000 1.6 6.35 3.95 

6 180 0.34 0.36 0.34 0.4 350 420 420 350 10000 1.65 6.65 4.4 

              

127 70 0.34 0.32 0.34 0.4 350 420 420 420 10000 1.1 3.95 3.9 

128 70 0.3 0.32 0.38 0.36 350 350 420 350 1000 1.1 4.05 4.3 
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c) 

Figure 2. Main effect plot for a)    b)    c)    

 

a) 

 

b) 
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c) 

Figure 3. Normal Plot of the Standardized Effects for a)    b)    c)    

Regression models of optimum gear ratios  

To find regression Equations that determine the responses   ,   , and   , regression technique with two 

interacting factors was conducted by using Minitab @ 19. The significance of this regression is α = 0.05. The 

predicted effects and coefficients for the    response are shown in Table 3, where factors that have no effect on 

them are excluded. The p-values of the parameters and the interactions between them are all smaller than the 

significance level  (equal to 0.05). Only variable B (    ) has p = 0.335 > 0.05, which means that variable B 

has no significant effect on u1. However, variable B has a significant influence on the interaction with variable 

E (         ). Therefore, variable B is still included in the definite regression model   . This proves that the 

remaining parameters and interactions mentioned in Table 3 have a strong influence on   .  

Table 3. Estimated effects and coefficients for    

 

The last row of the Table 3 describes the regression model evaluation parameters. It was reported that 

parameters   (symbol R-Sq) and        (denoted R-sq(adj)) are at least 99.8%, showing that the regression 

equation fits the data very well. The regression model to find the optimum gear ratio    can be written by: 
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   0.923 + 0.024262 ut - 2.54 Xba1 + 0.273 Xba3 - 1.467 Xba4 - 0.000526 AS1 + 0.000595 AS2 -

 0.000675 AS3 - 0.000814 AS4 + 0.000007 Tout - 0.00391 ut*Xba3 - 0.01030 ut*Xba4 + 0.000008 ut*AS1 -

 0.000023 ut*AS2 - 0.000003 ut*AS3 - 0.000016 ut*AS4 + 0.00000001 ut*Tout + 6.84 Xba1*Xba4 

+ 0.000003 AS2*AS4 - 0.00000001 AS2*Tout + 0.000002 AS3*AS4      (26) 

Same as with   , Tables 4 and 5 describe the estimated effects and coefficients for    and    after being 

eliminated the factors with insignificant effect. Also, the regression equations to find     and    are presented 

by  models (27) and (28): 

Table 4. Estimated effects and coefficients for    

 

Table 5. Estimated effects and coefficients for    
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a) 

 

b) 

 

c) 

Figure 4. Normal probability plots of the validity of a)    b)    c)    

It was noted that both regression Equations (27) an d(28) are very fit with the data because the decision 

parameters   (symbol R-Sq) and        (denoted R-sq(adj)) are at least 98.86% for    (Table 4) and at least 

99.61% for    (Table 5). 

   7.815 - 0.03292 ut - 4.36 Xba2 - 1.358 Xba3 - 2.756 Xba4 + 0.001327 AS1 - 0.00255 AS2-

 0.000949 AS3- 0.00287 AS4- 0.000051 Tout+ 0.00675 ut*Xba2+ 0.00746 ut*Xba3+ 0.02876 ut*Xba4-

 0.000019 ut*AS1+ 0.000086 ut*AS2+ 0.000023 ut*AS4-

 0.000000 ut*Tout+ 0.01060 Xba2*AS2+ 0.000074 Xba3*Tout- 0.000010 AS2*AS4+ 0.000000 AS2*Tout                                                                          

(27) 
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   3.286 - 0.001503 ut - 0.2539 Xba2 - 1.3867 Xba3 - 1.270 Xba4 + 0.000241 AS1- 0.000658 AS2 

+ 0.00720 AS3 - 0.000419 AS4 - 0.000010 Tout+ 0.00391 ut*Xba4- 0.000003 ut*AS1 + 0.000008 ut*AS3 

+ 0.000003 ut*AS4- 0.00000001 ut*Tout+ 0.00502 Xba4*AS3 - 0.000005 AS2*AS3 + 0.00000001 AS2*Tout -

 0.000005 AS3*AS4- 0.00000001 AS3*Tout                                                                                                                                    

(28) 

Observing Figure 4 shows that the residuals are distributed very close to the normal distribution for all of    

(Figure 4.a),    (Figure 4.b), and    (Figure 4.c). Therefore, it can be said that the relationship between   ,   , 

and    and the survey parameters shown in formula (26), (27) and (28) have a very high reliability.  

CONCLUSION 

This paper introduces the results of an optimization study to find the optimum gear ratios of a 4-stage helical 

gearbox for getting the minimum gearbox volume. In this study, a simulation experiment was designed and 

conducted. The effect of main design parameters on the optimum gear ratios was investigated. Moreover, 

regression models to determine optimum gear ratios were suggested. It was also found that these regression 

equations are very fit with the experimental data. 

ACKNOWLEDGEMENTS 

This work was supported by Thai Nguyen University of Technology. 

REFERENCES 

[1] V.N. Pi, N.K. Tuan, and L.X. Hung, ―A New Study on Calculation of Optimum Partial Transmission 

Ratios of Mechanical Driven Systems Using a Chain Drive and a Two-Stage Helical Reducer‖, Advances 

in Material Sciences and Engineering, 2020, Springer. p. 97-105, 2020. 

[2] V.N. Pi, ―A New Study on Determination of Optimum Gear Ratios of a Two-Stage Helical Gearbox‖, 

Advances in Material Sciences and Engineering, Pp. 107-115, 2020. 

[3] N.K. Tuan, ―A study on determining optimum gear ratios of mechanical driven systems using two-step 

helical gearbox with first step double gear sets and chain drive‖, International Conference on Engineering 

Research and Applications. 2019. Springer. 

[4] L.A. Tung, ―A study on determination of optimum gear ratios of a two-stage worm gearbox,‖ International 

Conference on Engineering Research and Applications. Springer, 2019. 

[5] N.T.H. Cam, ―Calculating Optimum Gear Ratios of Mechanical Drive Systems Using Two-Stage Helical 

Gearbox with Second-Stage Double Gear Sets and Chain Drive for Minimum Gearbox Length,‖ 

International Conference on Engineering Research and Applications. 2019.  

[6] L.X. Hung, ―Calculation of optimum gear ratios of mechanical driven systems using two-stage helical 

gearbox with first stage double gear sets and chain drive‖, International Conference on Engineering 

Research and Applications. 2019.  

[7] V.N. Pi, ―Calculating optimum gear ratios of a two-stage helical reducer with first stage double gear sets‖, 

IOP Conference Series: Materials Science and Engineering. 2019. IOP Publishing. 

[8] V.N. Pi, ―Determination of optimum gear ratios of a two-stage helical gearbox with second stage double 

gear sets‖, IOP Conference Series: Materials Science and Engineering. 2019. IOP Publishing. 

[9] V.N. Pi, ―Optimum determination of partial transmission ratios of three-step helical gearboxes‖, WSEAS 

Transactions on Applied and Theoretical Mechanics, 3, Pp. 43-42, 2008. 

[10] T.T.P. Thao, ―Determining optimum gear ratios of mechanical driven systems using three stage bevel 

helical gearbox and chain drive‖, International Conference on Engineering Research and Applications. 

2019. Springer. 

[11] T.T. Hong, ―Calculating Optimum Gear Ratios Of Mechanical Driven Systems Using Three Step Bevel 

Helical Gearbox And Chain Drive For Minimum System Height‖, 



Calculating Optimum Gear Ratios for a Four-stage Helical Gearbox for Gearbox Mass Target 

 

382 
 

[12] Pi, V.N., ―Determination of optimum gear ratios of a three-stage bevel helical gearbox‖, IOP Conference 

Series: Materials Science and Engineering. IOP Publishing, 2019. 

[13] N.K. Tuan, ―Optimum calculation of partial transmission ratios of mechanical driven systems using a V-

belt and a three-step bevel helical gearbox. in International Conference on Engineering Research and 

Applications. 2018. Springer. 

[14] N.M. Cuong, ―Calculation of Optimum Gear Ratios of Two-Step Worm Gearbox‖, International 

Conference on Engineering Research and Applications. 2019. Springer. 

[15] V.N. Pi, ―Determining Optimum Gear Ratios of a Worm—Helical Gearbox for Minimum Acreage of the 

Cross Section‖, Advances in Material Sciences and Engineering, Springer. Pp. 89-96, 2020. 

[16] V.N. Pi, ―A study on determination of optimum gear ratios of a worm-helical gearbox‖, IOP Conference 

Series: Materials Science and Engineering. 2019. IOP Publishing. 

[17] V.N. Pi, T.H.C. Nguyen, and V. Hoang, ―A study on optimum calculation of partial transmission ratios of 

coupled planetary gear sets‖, Applied Mechanics and Materials, Trans Tech Publ., 2013. 

[18] V.N. Pi, ―Determining optimum partial transmission ratios of mechanical driven systems using a V-Belt 

drive and a three-stage helical reducer‖, Advances in Material Sciences and Engineering, Springer, Pp. 81-

88, 2020. 

[19] N.T.H. Cam, ―A study on determination of optimum partial transmission ratios of mechanical driven 

systems using a chain drive and a three-step helical reducer‖, International Conference on Engineering 

Research and Applications. Springer, 2018. 

[20] V.N. Pi, ―Optimal calculation of partial transmission ratios for four-step helical gearboxes with first and 

third-step double gear-sets for minimal gearbox length‖, American Conference on Applied Mathematics, 

Harvard, Massachusetts, USA. 2008. 

[21] V.N. Pi, ―A Study On Calculating Optimum Gear Ratios Of A Three-Stage Helical Gearbox‖. 

[22] T.E. Toolbox, ―Density, Specific Weight and Specific Gravity‖, 

https://www.engineeringtoolbox.com/density-specific-weight-gravity-d_290.html (Accessed 27/5/2021). 

[23] I. Römhild, and H. Linke, ―Gezielte Auslegung Von Zahnradgetrieben mit minimaler Masse auf der Basis 

neuer Berechnungsverfahren‖, Konstruktion, 44 (7-8), Pp. 229-236, 1992. 

[24] L.V.U. Trinh Chat, ―Calculation of mechanical driven systems‖, Education Publisher, 2008 (in Vietnamse). 

 

 


