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ABSTRACT
This article discusses the application of the TVD limiter in the unstructured mesh finite volume solver used for
fluid flow solutions. The application of the TVD limiter on an unstructured mesh is not straightforward as this
type of mesh does not have clear directionality, so that the far upwind cells required for determining the
successive gradient of the flow variable are not available. In this study, we used auxiliary points to replace the
far upwind cell. The additional points were determined in such a way that it also acts as a spatial correction to
minimize errors caused by unstructured mesh skewness. Numerical test, using two-dimensional advection of the
scalar properties as test cases, showed that no spurious oscillations appear in some locations that have steep
property gradients. TVD limiter with spatial correction gave relatively closer results to the exact value than
TVD limiter without spatial correction. The application of the TVD limiter with the auxiliary points in the
unstructured mesh successfully reduced oscillations in the numerical solution. At the same time, the spatial
correction can reduce errors caused by mesh skewness.
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INTRODUCTION
The accuracy of the numerical solution of fluid flow is strongly affected by the discretisation methods used in
the solution. Using the first order discretisation for the flow equation, containing convective terms, does not
produce an accurate result for many industrial and practical cases since the discretisation errors mimic the effect
of artificially enhanced viscous diffusion. Using the small size of the mesh element theoretically could increase
accuracy, but it is too computationally expensive to be practical, so higher-order discretisation’s are used. The
penalty for adopting these higher-order discretisation’s are that steep property gradients in the flow may cause
spurious local oscillations in the numerical solution. The higher-order discretisation scheme produces these
spurious oscillations because they do not satisfy the boundedness criterion. However, even second-order
discretisation schemes, which at first appear to be inherently interpolative bounded, such as central differencing
via linear interpolation to faces, can produce an oscillatory solution in regions of steep property gradient.
Although mass and momentum are conserved overall, such oscillation may give rise to severe error when
solving the transport equation for scalars which should always be positive, such as turbulent kinetic energy in
turbulent flow simulation. Therefore, it is highly desirable for any general-purpose CFD code to combine
second-order accuracy with some means of suppressing spurious oscillation in the region of high property
gradient.
Research into methods for suppressing spurious oscillation in convective equations was initiated by workers
solving hyperbolic PDEs, describing unsteady or steady, supersonic flows, since abrupt discontinuities that
trigger oscillation can occur naturally in such systems. Two related approaches evolved: the first based on
deliberate addition of artificial viscosity locally in the area of steep property gradient, as in Jameson et al. [1],
whilst the second evolved from a deeper understanding of the concepts of monotonicity and boundedness and
resulted in a class of flux limiting methods where the interpolated flux at control volume faces are obtained as a
sum of first-order accurate flux plus a fraction of correction needed to make flux second-order accurate. This
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partial correction is chosen to be as large as possible whilst not producing a solution oscillating. The criteria
were established by Harten [2] for the avoidance of oscillations, where Total Variation of convected properties
should diminish at each time step. Such methods are therefore known as Total Variation Diminishing or TVD
method. The general theory of TVD was developed in the early 1970 by many workers, including Van Leer [3],
Boris and Book [4]. These criteria were then expressed as a flux limiter by Sweeby [5]. By late 1980 the
methods were firmly organised for structured mesh gas dynamics and aerodynamics codes.
The TVD scheme is straightforward to use on structured grids. Application of the TVD for unstructured grids is
not as easy as for the structured one due to it is not clear how to determine the far upwind cell, which is needed
to obtain the TVD limiter, as the mesh does not have any clear directionality as shown by Berzin [6] and Tasri
[7]. To circumvent this difficulty, several approaches have been involved with varying degrees of success.
Earlier TVD for unstructured mesh was proposed by Tilliayeva [8], who extended the MUSCL approach of
Kogan [9] to two-dimensional unstructured mesh. Barth and Jespersen [10] introduced a TVD limiter to limit a
linear reconstruction of the flow variable at the face centre. This limiter is simple and create free oscillation in
the region with strong properties gradient and is widely used in unstructured mesh application. Nevertheless,
Barth and Jespersen’s limiter is non-differentiable, which causes difficulties in steady-state convergence. The
limiter was then improved by Venkatakrishnan [11]. Darwish and Muokalled [12] and Tasri [7] applied a onedimensional TVD scheme to unstructured mesh using the fictitious cell as a far upwind cell to obtain the limiter.
Li and Ren [13] proposed a weighted biased averaging procedure limiter used on unstructured meshes. Gaburro
and Dumbser [14] propose a limiter for their PnPm numerical schemes that can be employed to solve a
hyperbolic equation. Zang et al. [15] improve the stability of the multidimensional limiting process (LMP) by
relaxed limiting at the interfaces.
However, most of the one-dimensional TVD schemes for unstructured mesh ignore mesh-induced skewness
errors: the non-orthogonality and non-conjunctionality error, as shown by Tasri [16,17]. Non-orthogonality is a
condition in which the line connecting the neighbour cells is not perpendicular to the cell face. Nonconjunctionality is a condition in which a face centre is not inline with cell in the left and the right of the face.
These non-conjunctionality and non-orthogonality play a role in the discretisation errors, especially when used
on the high skewness unstructured mesh. In this study, a one-dimensional TVD scheme was applied to the
unstructured mesh. Far upwind cell needed in the TVD formulation was replaced with auxiliary cells. The
auxiliary’s cell is defined in such a way that it also acts as a spatial correction for mesh skewness. The accuracy
of the scheme used was tested using a popular test case of two-dimensional advection of the scalar properties.
APPLICATION OF ONE-DIMENSIONAL TVD-LIMITER TO UNSTRUCTURED MESH
According to the TVD scheme, the interpolated value of a convicted variable  at a cell face centre can be
written as a summation of  at upwind cell and limiter multiplied anti diffusive flux.

 f  U 

 r 
2

D  U 

(1)

U and  D are  at upwind and downwind cell centre;  (r ) is a anti diffusive flux limiter. There are many
forms of the equation for the flux limiter published in the literature. One of these limiters, used in this study, is
the Van Albada limiter:
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r in the Equation (2) is ratio of consecutive gradient of  :
r

U  UU
 D  U

(3)
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UU is the  at the far upwind cell of the face under consideration. UU can be easily defined on a structured
mesh, but this is not the case for unstructured mesh, as the unstructured mesh does not have any clear
directionality. Darwish and Moukalled [12] determined UU using an auxiliary point UU located in line with
cells D and U, as shown in Figure 1. The Darwish and Moukalled’s scheme (DM-TVD) is valid if the face
centre and neighbouring cells satisfy conjunctional and orthogonal condition. If the conjunctional conditions are
not satisfied, the interpolation of the flow variable  from the upwind and downwind cells is not located at the
face centre, but at the intersection of the face and the line connecting the upwind and downwind cells, shown as
point k in Figure 1. Using this interpolation value to estimate  f in Equation (1) causes error in the discretised
advective-term of transport equation. Meanwhile, if the orthogonality conditions do not hold, an error will arise
in the discretised diffusive term of the transport equation. In this study, the far upwind cell was also determined
using auxiliary points. The auxiliary points were placed in such away that non-conjunctionality and nonorthogonality of mesh can be minimized. So that the auxiliary points also act as a spatial correction for mesh
skewness. The auxiliary point used were U  , D and as shown in Figure 2. The line U D  crosses the face at
the face centre and normal to the face. D and U  were located equidistant from the face centre. Fictitious far
upstream point UU  was located so that U  lies in the middle of D and UU  .
The interpolated value of a convected variable  at cell face centre of the spatially corrected version of TVD
(SC-TVD), can be determined as in Equation (4).
1
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The consecutive gradient r was defined as in Equation (5)
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Figure 2. Auxiliary points in non-spatially corrected TVD scheme

 at the auxiliary points D , U  and UU  are determined by Taylor series expansions from cell centres D and
U:
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Figure 2. Auxiliary points in spatial corrected TVD scheme
where dU UU  is a Euclidean vector form U

UU  . x

to

Euclidean vector from D to D . The same is for x

UU '

and y

and y

DD'
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are X and Y components of

.

NUMERICAL RESULT
The performance of the proposed scheme was tested using the popular classic test case of two-dimensional
advection of the scalar properties  .

    c   0

(9)



  
where c  i  j is a cartesian velocity vector with i and j are unit vector along X and Y axis, respectively. 
is a fluid density.
Finite volume discretisation of the advection equation was accomplished by integrating the equation using the
Gauss theorem, result:

 n   c dS  0

(10)

S

Estimate the surface integral in Equation (10) using second order accurate mid-point rule yield discretised form
of the advection equation:

 n   c

f

Sf  0

(11)

f

 at the cell centres were then found from Equation (11) after writing  f as an interpolation from neighbouring
cells as in Equation (4).

Figure 3. Domain and mesh of the test case
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The calculation domain and boundary condition are shown in Figure 3. The bottom and the left boundaries of
the domains are velocity inlets, and the top and right boundaries are outflow boundaries. At the velocity inlet
boundary, the convected variable  has a double step and parabolic profile as shown in Equation (12) and
Equation (13).
5 for
0 for



0.3  x  0.7
x  0.0
elsewere

(12)

125 x 2  125 x  26.25 for 0.3  x  0.7
x  0.0 elsewere
0 for



(13)

The meshes were created by the Delaunay triangulation procedure. Equal face areas were specified on the
domain boundaries. To simulate the effect of mesh skewness, the mesh was distorted by randomly perturbing
cell vertices by mean cell-size.
The numerical calculation results in a contour plot of  are presented in Figure 4 and Figure 5.  obtained from
the first-order upwind calculation was included as a comparison. It can be seen that  obtained from the use of
SC-TVD are closest to the exact value, followed by DM-TVD and first-order upwind. Referring to the exact
solution and the mesh used, it appears that SC-TVD has lower error than DM-TVD in the region with high
skewness, as marked by the circle in Figure 4 and Figure 5. It indicates that the spatial correction used in the
SC-TVD managed to reduce the error caused by the mesh skewness.
The higher error in DM-TVD come from the estimation of  f with  at interpolating point k, as shown in
Figure 1. This error can be shown by writing  f as a Taylor series expansion around interpolation point k:

 f  k  s  ( )k  ...

(14)


where s is Euclidean vector from interpolation point k to face centre f. The second and the higher term on the
right-hand side of Equation (14) are the error of DM-TVD. The error increases by increasing the non
conjunctionally, s . This error can be classified as a diffusive error because it has terms similar to the diffusive
terms in the transport equation.

Figure 4 and Figure 5 also show that the errors also occur in the form of a decrease of  towards the
downstream of the flow. The most significant reduction  is seen in the use of first-order upwind followed by
DM-TVD and SC-TVD. However, DM-TVD and SC-TVD do not provide a substantial difference in the peak
value.
The distributions of  along a line from the left to the right side of the calculation domain, are presented in
Figure 6 and Figure 7. The full black line in these figures is the exact solution. The SC-TVD seems to produce a
solution closer to the exact value and less diffusive than the solution obtained using the DM-TVD.
Although the improvement obtained from the use of SC-TVD seems not much, the gain is still significant. The
error reduction by SC-TVD is needed to reduce numerical instability that causes severe errors in the solution of
a transport equation of scalars which should always be positive, such as turbulent kinetic energy in turbulent
flow simulation as reported by Tasri [7]. Figure 6 and Figure 7 also show that the computed solutions are
oscillated free. It proves that the SC-TVD and DM-TVD can foil oscillation in the unstructured mesh used in
this study.
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Figure 4. Countour of  in the calculation domain with a double step distribution of  at the inlet boundary.
(a) SC-TVD; (b) DM-TVD; (c) First order upwid; (d) Exact solution

Figure 5. Countour of  in the calculation domain with a parabolic distribution of  at the inlet boundary. (a)
SC-TVD; (b) DM-TVD; (c) First order upwid; (d) Exact solution

Figure 6. Distribution of  along horizontal line with double step distribution of  at the inlet boundary
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Figure 7. Distribution of  along horizontal line with quadratic distribution of  at the inlet boundary
CONCLUSION
One dimensional TVD with auxiliaries point and a spatial correction has been applied to the unstructured mesh
finite volume solver. The following conclusions were drawn:
1. The one-dimensional TVD limiter with auxiliary point to replace far upwind cell was successfully foiling
oscillation on an unstructured triangular mesh solution.
2. The application of spatial corrections to the one-dimensional TVD scheme used in the unstructured mesh can
improve the accuracy of the finite volume solver by reducing the diffusive errors caused by mesh skewness.
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