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ABSTRACT 

Combined convection of CuO-H2O nanofluid in a lid-driven arc-shape annulus with moving flat top wall has been 

numerically investigated. The arc-shape outer wall of annulus is maintained at a constant hot temperature Th. 

While, the flat top wall is maintained at a constant cold temperature at Tc. The inner cylinder is adiabatically 

insulated. The governing equations of continuity, momentum, and energy are solved numerically using Fluent 6.3 

commercial program. The ranges of Richardson number and nanoparticles volume fraction are 0.1≤ 𝑅𝑖 ≤, 10 and 

0 ≤ 𝜑 ≤  0.15; respectively. The influences of Richardson number (Ri) and nanoparticles volume fraction (𝜑) 

on the behaviors of streamlines, isotherms, local and average Nusselt number, and skin friction factor have been 

minutely discussed. 
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INTRODUCTION 

Mixed convection heat transfer phenomena in lid-driven cavities (or enclosures) has many thermal engineering 

applications. Some of these applications are: solar collectors with different types, thermal enhancement of heat 

exchangers, electronic equipment cooling, food drying, and nuclear reactors [1-3]. In these problems, a cavity 

with driven-lid is employed for studying and analyzing the characteristics of thermal patterns and fluid field. 

Moving of wall causes fluid flow in a cavity, while a temperature gradient between the hot and cold walls produces 

heat transfer. In last two decades, many investigators have studied the forced and combined convection in different 

geometries of cavities; square [1-6], rectangle [7-9], triangle and trapezoidal [10-12], other shapes [13-17] with 

different thermal boundary conditions. Numerical analysis for mixed convective heat transfer in a lid-driven 

square cavity containing a hot square cylinder was carried out by Rosdzimin et al. (2010), [1]. The effects of 

Richardson number and position of inner cylinder on the behavior of streamline, isotherms, local Nusselt number 

at the top surface of the hot square were discussed. Nemati et al. (2010), [2] concluded that the heat transfer rate 

in a lid-driven square cavity increases with using nanofluids (H2O-Al2O3, H2O-CuO and H2O-Cu); sequentially. 

Khaled et al. [3], noticed that the mixed convection with existing the magnetic field produced higher heat transfer 

rates than forced convection at the same conditions. Anirban et al. (2014), [4] studied three different cases for the 

movement directions of two-sided lid-driven walls with nonuniform heating condition of cavity filled with porous 

medis fluid. Wide ranges of Richardson number and Darcy number were included. Abdelkader Boutra et al. 

(2015), [5] investigated mixed convection of Cu-H2O (or Ag-H2O) nanofluids in a square cavity with two sides 

lid driven walls. The secondary flow effects on the forced flow by a lid-driven in a square cavity containing 

ethylene glycol-water-Al2O3 nanofluid were studied by Elif and Kamil (2016), [6]. The results showed that the 

heat transfer rate depended strongly on the nanoparticle volume fraction. Kefayati and Tang (2018), [7] studied 

the mixed convection of viscoplastic fluid flow in lid-driven rectangular cavity with applying the uniform 

magnetic field on side walls. It was observed that the heat transfer increased with increase in Reynolds number 

and Hartmann number, and decrease in Bingham number. Humaun et al. (2019), [8] studied the influences of 
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buoyancy force on MHD mixed convection of Cu-water nanofluid in a lid-driven porous rectangular cavity h three 

square heating blocks.  

It was concluded that heat transfer rate increased as Darcy and Richardson numbers increased. Anirban et al. 

(2017), [9] studied this phenomenon in a lid-driven porous rectangular cavity containing H2O-Al2O3 nanofluid. 

It was obvious that heat transfer increased with increase in Grashof number at a constant Darcy number. Chen 

and Chung (2015), [10] concluded that three flow regimes in an inclined lid-driven triangular enclosure were 

obtained: dominating free convection, dominating forced convection, and dominating combined convection. The 

influences of combined buoyancy-inertia forces in a lid-driven trapezoidal cavity supplying to uniform magnetic 

field and moving the top wall at a constant velocity was studied by Borhan et al (2016), [11]. The results showed 

that the heating uniformity of bottom wall produced higher heat transfer rates than the case of non-uniformly 

heating. Ali et al. (2016), [12] investigated the effects of nanofluid type on heat transfer in a lid-driven trapezoidal 

cavity. It is noticed that SiO2-water nanofluid produced the highest heat transfer rate followed by Al2O3, TiO2, 

and CuO with water-based fluid. Chen and Cheng (2004), [13] examined the influences Reynolds and Grashof 

numbers on mixed convection in a lid-driven arc-shape cavity. It was shown that the behavior of heat transfer 

depended strongly on Grashof number. Salma and Rehena (2010), [14] studied the MHD combined convection in 

a lid-driven cavity with sinusoidal wavy bottom surface. It was concluded that the three undulations of wavy wall 

with low Hartmann number produced highest heat transfer rate.  

Study of heat transfer characteristics in a lid-driven cavity with wavy cold bottom wall and moving hot flat top 

wall was studied by Kumar Saha et al. (2013), [15]. They concluded that the number of undulations played a 

significant role in the behavior of flow fields and temperature patterns in the cavity. Satyajit Mojumder et al. 

(2016), [16] used lid-driven L-shaped cavity containing a porous medium to study this phenomenon. It was 

observed that the vertical wall produced higher heat transfer rate than horizontal wall at a low Grashof number, 

and higher Darcy and Reynolds numbers. Nanofluids have been used as a way to increase the effect of heat transfer 

[18-21]. Habeeb [22-23] used moving walls in cavities with porous media It was found that the Darcy number, 

Rayleigh number, aspect ratio, and porosity considerably influenced characteristics of flow and heat transfer 

mechanisms. In order to predict the thermal characteristics and the heat transfer rates within the annuli, a numerical 

investigation of two-dimensional natural convection about a horizontal circular heated cylinder embedded in 

cylindrical packed bed of spheres under the condition of local thermal nonequilibrium. The results show that the 

increase in Rayleigh number has a considerably positive impact on Nuf ; however, Nus is hardly affected by 

increasing it [24-26]. Zhimeng Guo et al. (2016), [27] concluded that there are significant influences of number 

of roughness elements on the heat transfer characteristics of nanofluids in a lid-driven square cavity with 

sinusoidal roughness elements at the bottom. 

This work presents a numerical investigation of combined convection of CuO-H2O nanofluid in a lid-driven arc-

shape annulus with moving flat top wall. The arc-shape wall of cavity is maintained at a constant hot temperature 

Th. While, the flat top wall is maintained at a constant cold temperature at Tc. The inner cylinder is adiabatically 

insulated. The continuity, momentum, and energy equations were solved numerically using Fluent 6.3 commercial 

program. The ranges of Richardson number and nanoparticles volume fraction taken in present study are 0.1≤

𝑅𝑖 ≤, 10. The range of extends from 0 ≤ 𝜑 ≤  0.15. The objective of this study is to investigate the influences of 

Richardson number (Ri) and nanoparticles volume fraction (𝜑) on the behaviors of streamlines, isotherms, local 

and average Nusselt number, and skin friction factor. 

MATHEMATICAL MODEL 

Governing Equations 

A steady, two-dimensional, laminar flow, and combined forced-free convection heat transfer of CuO-water 

nanofluid in a lid-driven arc-shape annular enclosure with moving flat top wall has been studied numerically using 

Fluent 6.3 commercial program. The flat top wall of cavity is isothermally cooled at Th and moving at constant 

speed of U. Furthermore, the arc-shape outer wall of annulus is maintained at a constant hot temperature Th such 

that Th > Tc. The inner cylinder is adiabatically insulated as schematically shown in Fig. 1. Table 1 represents the 

thermo-physical properties for the CuO nanoparticles and the water at T=300 K. The governing equations of mass, 

momentum, and energy are written below 



Combined Convection of CuO-H2O Nanofluid in Arc-Shape Annuli with Moving Flat Top Wall 

 

270 
 

 

Figure 1. Physical domain. 
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The above equations (1-4) are non-dimensionalized as given below: 
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Table 1. Thermophysical properties of H2O and CuO nanoparticles [27] 

Physical properies H2O CuO 

𝐶𝑝 (𝐽 𝑘𝑔. 𝐾)⁄  4179 535.6 

𝑘 (𝑊 𝑚2. 𝐾)⁄  0.613 20 

𝜇 (𝑃𝑎. 𝑠) 0.000891 - 

𝜌 (𝑘𝑔 𝑚3⁄ ) 997.1 6500 

𝛽 (1 𝐾⁄ ) 0.00021 4.3× 10−6 

Boundary conditions 

The dimensionless boundary conditions can be written as follows: 

𝜕𝜃

𝜕𝑌
= 0, 𝑈 = 𝑉 = 0, 𝑋 = 0 

𝜕𝜃

𝜕𝑌
= 0, 𝑈 = 𝑉 = 0, 𝑋 = 1 

𝜃 = 0, 𝑈 = 𝑉 = 0, 𝑌 = 0, 

𝜃 = 1, 𝑈 = 1, 𝑉 = 0, 𝑌 = 1.                                                                                                                               (7) 

Thermophysical Properties of Nanofluid 

The mixture of CuO nanoparticles with water-based fluid is taken as a single phase in this study. So; they are 

together in thermal equilibrium. As a result, the effective thermophysical properties are adopted in this study. The 

general equations of the effective thermophysical properties have been developed and implemented in Fluent as 

follows [28].  
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𝜌𝑒𝑓𝑓 = (1 − 𝜑𝑝)𝜌𝑓 + 𝜑𝑝𝜌𝑠 ,                                                                                                                                            (8)       

𝜇𝑒𝑓𝑓 = (1.125 − 0.0007 × 𝑇)𝜇𝑓 ,                   

𝜑𝑝 = 1%    20 ≤ 𝑇[℃] ≤ 70,                                                                                                                                          (9) 

𝜇𝑒𝑓𝑓 = (2.1275 − 0.0215 × 𝑇 + 0.0002 × 𝑇2)𝜇𝑓 ,                   

𝜑𝑝 = 4%    20 ≤ 𝑇[℃] ≤ 70,                                                                                                                                       (10) 
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) × 10−3 

0 ≤ 𝜑𝑝 ≤ 0.04    10 ≤ 𝑇[℃] ≤ 40,                                                                                                                             (12) 
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 ,                                                                                                                                       (13)       

Numerical Solution 

Fluent 6.3 commercial program is used to solve the governing equations subjected to chosen boundary conditions. 

Figure 2 shows the grid independency for the present work. Laminar model and time independent solver are used 

in this study with number of grids of 8,281. A second order upwind scheme is used for the mixed convective heat 

transfer in a lid-driven arc-shape annular enclosure with moving flat top wall. The coupling of pressure-velocity 

equations is resulted from using simple scheme. The thermo-physical properties given above are existing in Fluent 

software. The simulation is terminated as the residuals for continuity and momentum equations attain 10-6 and the 

residual for energy equation attains 10-8. The local Nusselt number based on the length of the top wall of triangular 

cavity is written as: 

𝑁𝑢𝐿 =
𝑘𝑒𝑓𝑓

𝑘𝑓

𝜕𝜃
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|
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                                                                                                                                                               (14) 

The average Nusselt number of the hot horizontal lid-driven wall is given as follows: 
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1

0
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The local friction factor 𝑓𝑥 on the moving lid related to the local shear stress 𝜏𝑥 is calculated as follows: 
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Figure 2. Grid independency 

Validation 

The present results are validated by comparing the present numerical results for average Nusselt number with the 

numerical results worked by Biswas et. al. [29], Waheed [30], and Roy et al. [31] as shown in Table 2. It is 

observed that there are slightly differences between the average Nusselt numbers for all works mentioned in Table 

1. It describes a case study of mixed convection heat transfer in a lid-driven cavity for Pr=0.71, Gr=100.  

Table 2: Comparison of average Nusselt number for the present study with that of previous works at Pr=0.71, 

Gr=100 

𝑅𝑒 → 1 500 1000 

Present results 1.023 4.530 6.462 

Biswas et. al. [29] 1.000 4.522 6.431 

Waheed [30] 1.000 4.537 6.484 

Roy et al.[31] 0.998 4.509 6.345 

RESULTS AND DISCUSSION 

Combined convection of CuO-H2O nanofluid (Pr=6.2) in a lid-driven arc-shape annulus with moving flat top wall 

has been numerically investigated. The ranges of Richardson number and nanoparticles volume fraction are 0.1≤

𝑅𝑖 ≤, 10 and 0 ≤ 𝜑 ≤  0.15; respectively. The influences of Richardson number (Ri) and nanoparticles volume 

fraction (𝜑) on the characteristics and behaviors of streamlines, isotherms, heat transfer rate, and skin friction 

factor have been minutely discussed. 

Streamlines and isotherms 

Figure 4 shows the influences of Richardson number and volume fraction on the behavior of streamlines and 

isotherms in a lid-driven arc-shape annulus with moving flat top wall (lid-driven) from left to right. The annular 

space is filled with water only (solid black line 𝜑 = 0.0) or H2O-CuO nanofluid (dashed red line 𝜑 = 0.15). 

Three modes of heat transfer dominated are shown in this figure; dominating forced convection (Ri=0.1) 

dominating mixed convection (Ri=1.0), and dominating natural convection (Ri=10); respectively. As can be 

shown from this figure that, the main vortex is generated around inner arc-shape cylinder due to the combined 

effect of buoyancy and inertia forces result from heating the arc-shape wall and moving the flat top wall. This 

produced a drag in the region near the lid-driven and working fluid. For forced convection heat transfer mode 

(Ri=0.01), the streamlines look parallel horizontal lines on the top of enclosure except at the right upper region at 
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which small vortices with strong intensity are formed (𝜓𝑚𝑎𝑥 = 0.635 𝑓𝑜𝑟 𝜑 = 0.08) because the dominating 

forced convection at this region.  

While, the vortex intensity in the case of fluid without nanoparticles is lowest (𝜓𝑚𝑎𝑥 = 0.527). The lid-driven 

produces vortices rotating in clock wise direction. The flow is very weak at the bottom of enclosure because of 

the dominated conduction in the heat transfer process. With increasing Grashof number and staying the Reynolds 

number at the same value (Richardson number increases to 1), the strong vortex on the right-hand side begins to 

weak and pull downward near the right side of inner cylinder (𝜓𝑚𝑎𝑥 = 0.073𝑓𝑜𝑟 𝜑 = 0.08). The left vortices are 

diminished with increase Richardson number. The streamlines circulate around the inner cylinder with a small 

intensity of  (𝜓𝑚𝑎𝑥 = 0.006) for fluid without nanofluid. It is noticed that, the hot nanofluid particles moves 

down from the hot arc-shape wall to enclosure space. It seems to be lower than water fluid because of high density 

result from adding the nanoparticles. The vortex intensity is further weak as Richardson number increases to 10 

because the dominating natural convection in the heat transfer process. The strong secondary flow result from 

strong buoyancy force at the bottom region of enclosure relative to weak inertia force result from moving the top 

wall causes decreasing the streamlines intensity to 0.035 𝑓𝑜𝑟 𝜑 = 0.08. Increasing the nanoparticles volume 

fraction from 0.08 to 0.15 as shown in Figure 5 leads to increasing the thermal conductivity of the working fluid. 

Result in, generating higher heat transfer rates and causes increase in the maximum stream function intensity for 

all cases shown in figure 4. 

It is shown from Figures 4 & 5 that the isotherms seem to be parallel to the hot arc-shape wall and move upward 

as Richardson number increases because of high secondary currents. The isotherms represent the lines with equal 

intervals between the cold flat wall and the arc-shape hot wall. The isotherms are regulated near the arc-shape 

wall causing a steep temperature gradient at these regions. The inner cylinder retards the flow field and disturbs 

the thermal patterns. The isotherm lines diverge from each other on the right side and converge on the left side of 

enclosure for low Richardson number because of dominated forced convection on the left-hand side and 

dominated conduction heat transfer on the right-hand side. The behavior is reversed as Richardson number 

increases to 1 and 10 because of dominating mixed and natural convection in the heat transfer process; 

respectively. Additionally, the isotherm lines move upward with using the nanofluid because increase in thermal 

conductivity of the based fluid after adding the CuO-nanoparticles. 

 

 

 

 
 

 

Figure 4. Streamline (left) and temperature contour (right) for lid driven cavity with nanofluid 

with adiabatic circular body (solid black line 𝜑 = 0,  and dashed red line  𝜑 = 0.08). 
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Figure 5. Streamline (left) and temperature contour (right) for lid driven cavity with nanofluid with adiabatic 

circular body (solid black line 𝜑 = 0,  and dashed red line  𝜑 = 0.15). 

 

Nusselt numbers     

The local Nusselt number distribution along the hot arc-shape top wall of annulus at different volume fractions 

(𝜑 = 0, 0.1, 0.15) for Ri=0.1, 1, and 10 are shown in Figures 6-8; respectively. It is noticed that the local Nusselt 

number distribution is symmetric about the mid centerline of the wall. So, half one of the local Nusselt number 

will be discussed. The local Nusselt number increases at a small region close to the left side of wall for 𝑅𝑖=0.01 

because the forced convection is the dominant mode in the heat transfer process. Furthermore, it decreases sharply 

until reaches a minimum value at dimensionless position X=0.2 after which it returns to increase to reach NuL=100 

because of decrease in the thermal boundary layer beyond X=0.2. Finally, the value of local Nusselt number 

decreases sharply after X=0.45 to X=0.5 after which it begins to repeat negative distribution on the right-hand 

side. There is no effect for adding the nanoparticles to the based fluid on the local Nusselt number at the region 

bounded between X=0.1-0.4 and X=0.6-0.9. The local Nusselt number increase with decrease in Richardson 

number. Furthermore, it is shown from these figures that the local Nusselt number increases with increasing the 

nanoparticles volume fraction because increasing the thermal conductivity of fluid leads to increasing the heat 

transfer rate. The variation of overall Nusselt number in the arc-shape annulus, the mean Nusselt number for the 

moving cold flat top wall, and the mean Nusselt number on the arc wall versus the volume fraction of nanoparticles 

for different Richardson number are shown in Figures 9-11; respectively. It is noticed that the overall and average 

Nusselt number enhances as the nanoparticles volume fraction increases and Richardson number decreases 

because of strong dominated forced convection mode in the heat transfer process. The average heat transfer rate 

on the moving cold wall and arc hot wall are much higher than the overall heat transfer rate in arc-shape annulus 

enclosure. 

 

Figure 6. Variation of local Nusselt number along the arc-shape wall for Ri=0.01. 
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Figure 7. Variation of local Nusselt number along the arc-shape hot wall for Ri=1. 

 

Figure 8. Variation of local Nusselt number along the arc-shape hot wall for Ri=10. 

 

Figure 9. Overall Nusselt number variation in the arc-shape annulus with variation of nanoparticles volume 

fraction. 
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Figure 10. Average Nusselt number variation on moving flat cold wall in the arc-shape annulus with variation 

of nanoparticles volume fraction. 

 

Figure 11. Average Nusselt number variation on the hot arc wall in the arc-shape annulus with variation of 

nanoparticles volume fraction. 

Skin friction factor 

The mean skin friction factor on the cold moving flat wall in the arc-shape annulus enclosure varies with changing 

the volume fraction for all Richardson numbers considered in the present work as shown in Figure 11. It is 

observed that, it increases with increasing the nanoparticles volume fraction because increasing the thermal 

conductivity of the based fluid by adding nanoparticles which retard the flow. Additionally, it increases with 

decreasing the Richardson number in the arc-shape annulus enclosure because of increase in the shear force on 

the moving cold flat top wall result in increasing the forced convection relative to natural convection heat transfer. 
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Figure 10. Variation of average skin friction factor on moving cold top wall in the arc-shape annulus enclosure 

versus nanoparticles volume fraction. 

CONCLUSIONS  

1. The strength of stream function on the right side of enclosure is higher than left side and it increases as 

Richardson number decreases. 

2. The isotherms are regulated near the arc-shape wall causing a steep temperature gradient at these regions.  

3. The local Nusselt number distribution is symmetric about the mid centerline of the wall. 

4. There is no effect for adding the nanoparticles to the based fluid on the local Nusselt number at the region 

bounded between X=0.1-0.4 and X=0.6-0.9. 

 5. The average heat transfer rate on the moving cold wall and arc hot wall are much higher than the overall heat 

transfer rate in arc-shape annulus enclosure. 

6. Increasing the nanoparticles volume fraction and decreasing Richardson number cause increase in skin friction 

factor. 
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