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ABSTRACT 

Numerical investigation was carried out for determination of Nusselt number for various nanofluids consisting of 

nanoparticles Silver (Ag), Copper (Cu) and Titanium Oxide (TiO2). This study used nanoparticles dispersed in water 

(Ag/Water, Cu/Water and TiO2/Water), also used nanoparticles dispersed in 60% ethylene glycol and 40% water by 

mass (Ag/(EG: water (60:40)), Cu/(EG: water (60:40)) and TiO2/(EG: water (60:40))). The Numerical study 

includes constructing the required model from the governing equations of flow through a horizontal and an inclined 

cylinder from the basic governing equations (continuity, energy and the momentum equations in the polar three – 

dimensional coordinate). The cylinder is kept in adiabatic mode. The Reynolds number is chosen (400), heat flux 

(2000 W/m2), Rayleigh number (1×105) and volume fraction concentrations (2.5 Vol %). The simulation is achieved 

by using MATLAB programs. The numerical results showed that the lowest Nusselt numbers are obtained for 

TiO2/Water, whereas Nusselt number of Ag/Water and Cu/Water is the highest Nusselt. This study focused on the 

effects of base fluid type (Water or (EG: water (60:40))) on the value of Nusselt number. Results showed that when 

used water as base fluid is more significant on the Nusselt number value than (EG: water (60:40)) for nanoparticles 

Ag, Cu and TiO2, respectively. Further, the Nusselt number has the highest values in the horizontal position of the 

cylinder compare with the inclined and vertical position. The values of the Nusselt number ratio (NUR) were 

evaluated to be (42%, 28%, 22%) for the three nanofluids (Ag/Water, Cu/Water, and TiO2/Water), respectively. 

Also, the values of Nusselt number ratio (NUR) were evaluated to be (33%, 24%, 19%) for the three nanofluids 

(Ag/(EG: water (60:40)), Cu/(EG: water (60:40)) and TiO2/(EG: water (60:40))), respectively. Nusselt number 

increases indicated as well as increases in flow strength [29]. Eventually, for results validation, the results of this 

study were compared with the previously published Khalid results [30]. 

KEYWORDS: ethylene glycol, nanofluid, thermal conductivity, horizontal and inclined cylinder 

INTRODUCTION 

Nanofluids are nanometer particles, usually smaller than 100 nm in size of an average particle, suspended in 

essential fluids like water, ethylene glycol, propylene glycol, and oil. Nanofluid research receives considerable 

attention to growing energy consumption in modern societies due to thermal efficiency and improved thermal 

characteristics of nanofluids. 

C.T. Nguyen and M. Le Menn [1] a two-dimensional, flat-scale microchannel with two individual particle size, 36 

nm and 47 nm, was studied numerically Al2O3-water heat transfer and forced laminar circulation problems. Both 

fluid and fluid two-phases were the one-phase models. Several results showed the impact of the nanofluid 

application and comparison of the two models on the temperature transfer coefficient. 

M. Shariat et al. [2] the Brownian motions of nanoparticles to determine the thermal conductivity and dynamic 

viscosity of the Al2O3-Water Nanofluid, dependent upon temperature, were examined in mixed laminar convection 

Al2O3-Water nanofluid flow of elliptical pipes with a different aspect ratio (AR). The following profiles were 

presented and discussed: Axial velocity, secondary flow pattern, temperature contours, nanoparticles distribution, 

skin friction and Nusselt numbers. 
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Bhaskar C. Sahoo et al. [3] concentrated on SiO2 nanofluid thermal conductivity evaluation based at 60:40 EG/W. 

The weight ratio of 60:40 is chosen as this ensures, according to ASHRAE data, that your equipment does not freeze 

or damage to -48.3 oC. Tests were performed with concentrations of volumetric particulate matter up to 10%. This 

can be too high and requires considerable pumping power in applications such as heat transfer fluid. However, this 

provides us with a wider database and sets a general trend in varying thermal concentrations. 

Sameh E. Ahmed et al. [4] when the tube surface was permeable in the presence of nano-flow thermal supplies, the 

fluid boundary layer and heat transfer characteristics caused by the stretching tube were studied. The effects of 

thermal conducts and viscosity dynamics were also studied. 

A.I. Abdellateef and Syed Zahoor ul Haque [5] the nano-viscous Newtonian incompressible fluid peristaltic 

transport were investigated in an inclined tube under long wavelength and lower Reynolds assumptions. The main 

focus had been on Brownian motion parameter behaviour (Nb), thermophoresis parameter (Nt), and annulus 

cylinder inclination. The result showed that the temperature and nanoparticles concentration were significantly 

higher with the increase in Brown's movement. The angle of inclination increases the pressure, all discussed in 

graphs. 

F. Hekmatipour et al. [6] the vertical tube nanofluid flooding aid has been experimentally investigated with mixed 

convective heat transfer and pressure drop-related features. The study examined the effects of heat transfer and drop 

of pressure on the flow of oil through nanoparticles of copper oxide. The wall temperature and flow rate were 

consistent to ensure that the flow rate was constantly stratified. 

R. Davarnejad and M. Hekmat [7] the coefficient of heat transfer (h) and pressure reduction (p) were studied for 

different nanofluids containing Al2O3, SiO2 and MgO nanoparticles dispersed into the water in a constantly wall-

mounted annular tube. The literature showed that five different concentrations of nanofluid volumes (1%, 2%, 3%, 

4% and 5%) were chosen. Two mixture and VOF models had been implemented. 

Shikha Kandwal et al., [8] focused on the performance of the flow of a nanofluid in the various geometries. They 

used multiple methods to describe the general equations under different conditions. Still, due to the suction and 

injection and substantial volume of nanoparticles, they ignored the combination of heat generation (or absorption) 

and viscous dissipation on the inclined cylinder. 

Behrouz Raei and Sayyed Mohsen Peyghambarzadeh [9] an experimental study was conducted to measure the 

stabilized μ-Al2O3/water nanofluid friction factor in the fully developed turbulent flow regime for a dual-pipe heat 

interchanger with a variety of concentrations of nanofluids, operating temperatures and flow rates tested for 

nanostructures. 

Milad Jalali et al. [10] the nanofluid and downstream flow had been used to improve the convective heat transfer at 

constant wall temperature. Some numerical articles were able to predict the experimental outcome. The numerical 

results were occasionally counter-experimental.  A numerical model was shown. So it was essential to introduce the 

correlation into the downward flow. 

Lin Qiu et al. [11] the thermophysical properties of nanoparticles materials have been comprehensively reviewed at 

the latest. Testing techniques, theory versus experimentation, and critical factors affecting the nanofluid k, cp, μ, and 

heat transfer rate. In addition, the studied simulation of molecular dynamics (MD) used to model the properties of 

the nanoparticles was examined. 

Karaar Mahdi Al-Araji et al. [12] conducted an experimental study and showed that the maximum thermal 

conductivity for the Al2O3/EG nano-fluids was up by 3.5% at 80°C and increased by 11.25%. The heat transfer rate 

in the refrigerant has improved compared to the basic fluid at the proper concentration. 

HT Jarrah et al. [13], a nanofluid prepared with increased heat transfer capacity, was considered an essential fluid 

with silver nanoparticles added to water. The study chose silver nanoparticles as having a higher thermal 

conductivity than other nanoparticles like Cu and Al2O3. In this way, the coefficients forced convection heat 

transfers of the prepared nanofluids were calculated using ag/water nanofluids as coolants in fully laminar 
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conditions in an auto car radiator. Car radiator was included in an installation test to study the effects on heat 

transfer performance of different factors, including Reynolds air and coolant number, nanoparticles concentration 

and circulating fluid temperature. 

In the present study, the numerical investigation was carried out to determine the Nusselt number of Ag, Cu, and 

TiO2 nanoparticles dispersed in distilled water and 60% ethylene glycol and 40% water dispersed [EG – Water 

(60:40)] inside the horizontal and inclined cylinder for the adiabatic process. 

Problem Description and Governing Differential Equations 

The current study includes constructing a theoretical model in the heat transfer and nanofluid flow in a horizontal 

and inclined cylinder. Nanofluid consisting of Ag/water, Cu/water and TiO2/water or Ag/(EG – Water (60:40)), 

Cu/(EG – Water (60:40)) and TiO2/(EG – Water (60:40)) along the tube (D=0.02m, Z=2.5) with a uniform heat flux 

at the surface area of the tube. Fig. 1 shows the geometry of the polar coordinates and the vertical direction of the 

gravitational force. Symmetry about the vertical plane is considered, and the solution for the control equations is 

found on half of the cylinders. The numerical methods used to solve the flow and energy equations using the 

implicit alternative direction method (ADI). 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Physical flow problem 

Table 1 shows the thermophysical characteristics of the base fluid (water) and (EG Water (60:40)) [14, 15] 

Table 1. Base fluid thermophysical properties 

Base fluid   

(kg/m3) 

Cp  

(J/kg.K) 

  

(kg/m.s) 

K 

 (W/m.K) 

Pr 

EG: Water(60:40) 1079.6 3157.4 4.53*10-3 0.357 40.033 

Water 997 4170 1.00 *10-3 0.606 6.96 
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Table 2 shows the thermophysical characteristics of the three nanoparticles that constitute the nanofluids [15, 16]. 

Table 2. Nanoparticles thermophysical properties. 

The following are the governing equations (continuity, momentum and energy equations) for fluid in single-phase 

(Homogenous model), laminar fluid, and steady flow of cylindrical coordinates: 

Continuity Equation 

The equation of   conservation of mass in the cylindrical coordinates is given as, [17]. 

 
ρnf

r
(ru)r +

ρnf

r
v∅ + ρnfwz = 0                                                                                                                                     (1) 

 

Where: 

ρnf - Density of the nanofluid (kg/m3) 

r - Inner radius of cylinder, (m) 

u, v, w - are the radial, tangential and axial velocity component, respectively (m/s) 

∅ - Tangential coordinate (Degree). 

Momentum Equation 

The equations of conservation of momentum in the cylindrical coordinates in the radial, tangential, and axial 

directions (r, ∅, z, respectively) can be written [18]. 

r –component 

ρnf (uur +
v

r
u∅ −

v2

r
) = −pr + μnf (urr +

1

r
ur +

1

r2 u∅∅ −
u

r2 −
2

r2 v∅) − ρnfg(cos∅cosα)                                            

(2) 

 

Where:  

Pr - Prandtl number  

μnf - Nanofluid's dynamic viscosity (kg/m.s) 

α  - Angle of inclination cylinder (Degree) 

 

∅ – Component 

 

ρnf (uvr +
v

r
v∅ +

uv

r
) = −

1

r
p∅ + μnf (vrr +

1

r
vr +

1

r2 v∅∅ −
v

r2 +
2

r2 v∅) − ρnfg(sin∅cosα)                                    (3) 

 

z – Component 

 

ρnf (uwr +
v

r
w∅) = −pz + μnf (wrr +

1

r
wr +

1

r2 w∅∅) − ρnfg(sinα)                                                                        (4) 

 

Nanoparticles Nanoparticles Size 

(nm) 

  

(kg/m3) 

Cp  

(J/kg.K) 

K 

(W/m.K) 

TiO2 50 3900 692 8.40 

Cu 30 8954 383 400 

Ag 20 10500 235 429 
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 The density of nanofluids is given by, [19]: 

ρnf = (1 − Ф)ρf + Фρs                                                                                                                                                (5) 

Where: 

ρf – Fluid density (kg/m3) 

ρs – Solid density (kg/m3) 

 

Energy Equation 

The energy equation in the cylindrical coordinates takes the following form [20]: 

  ρnfcpnf (utr +
v

r
t∅ + wtz) = knf [

1

r

∂

∂r
(rtr) +

1

r2 t∅∅ + tzz]                                                                                       (6) 

 

Where: 

cpnf  - Nanofluid specific heat at constant pressure (kJ/kg.K)  

knf  - Nanofluid Thermal conductivity (W/m.K)  

t – Temperature (oC) 

                                                     

 

Effective thermal conductivity 

Effective thermal conductivity calculates by the following [21] 

 

knf = [
ks+(n−1)kf−(n−1)Ф(kf−ks

ks+(n−1)kf+Ф(kf−ks)
] kf                                                                                                                                (7) 

 

Where: 

n - Shape factor for spherical nanoparticles is equal to 3  

ks  -  Solid thermal conductivity (W/m.K) 

kf  -  Fluid thermal conductivity (W/m.K) 

Φ -  Volume fraction (Vol%) 

 

Thermal diffusivity 

The thermal diffusivity of nanofluids calculates from the following formula [17]: 

αnf =
knf

(1−Ф)(ρcp)f+Ф(ρcp)s
                                                                                                                                               

(8) 

 

Thermal expansion coefficient 

Thermal expansion of nanofluids evaluates by the following equation [22]:  

 

βnf = [
1

1+
(1−Ф)ρf

Фρs

βs

βf
+

1

1+
Ф

1−Ф

ρs
ρf

] βf                                                                                                                                   (9)  
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Where: 

 

βnf - Nanofluid thermal expansion coefficient (1/K) 

βf -  Fluid thermal expansion coefficient (1/K) 

βs -  Solid thermal expansion coefficient (1/K) 

 

Specific heat 

Following formula used to calculate specific heat of nanofluids [23]: 

 

𝑐𝑝𝑛𝑓 = [
(1−Ф)(ρcp)f+Ф(ρcp)s

(1−Ф)ρf+Фρs
]                                                                                                                                     (10) 

 

Effective viscosity 

Following formula used to calculate effective viscosity of nanofluids [24]: 

 

μnf = μf[123Ф2 + 7.3Ф + 1]                                                                                                                                                  (11) 

 

 

Local Nusselt Number 

The heat flux is computed from the following equation, [25]: 

q̈w = −k tr|r=ro                                                                                                                                                          (12) 

Where 

q̈w – Heat flux (W/m2) 

But, the heat flow at the inner surface of the wall is the heat transfer from the surface to the nanofluid: 

q̈w = h(tw − tb)                                                                                                                                                                      (13) 

Where: 

h – Coefficient of heat transfer (W/m2.K) 

tw – Temperature of the wall (oC) 

tb – Bulk temperature (oC) 

Bulk Temperature 

Bulk nanofluid temperature at any cross-section of the pipe is given by [26]: 

 tb =
2

ṁnfCpnf
∫ ∫ ρnf cpnf w t rdr d∅ 

ro

0

π

0
                                                                                                                                (14) 

Where 

ṁnf - Mass flow rate of nanofluids (kg/s)  
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But, the average mass flow rate is: 

ṁnf = ρnf π ro
2 W̅̅̅̅                                                                                                                                          (15)       

Where  W̅ is the average axial velocity and substituting equation (15) into equation (14) gets: 

tb =
2

π ρnf ro
2 W̅̅̅Cpnf

∫ ∫ ρnf cpnf w t rdr d∅
ro

0

π

0
                                                                                                         (16) 

The average axial flow velocity can be found from the following double integration, [25]: 

W̅ =
2

π ro
2 ∫ ∫ w rdr d∅

ro

0

π

0
                                                                                                                  (17) 

 

Then, the heat transfer coefficient is given by: 

h = −k tr|r=ro
1

(tw−tb)
                                                                                                                                    (18) 

And, the Nusselt number accordingly is: 

Nu∅ =
hD

k
=  −tr|r=ro

D

(tw−tb)
                                                                                                                           (19) 

On each step from the wall temperature gradient, the local Nusselt number is calculated: 

Num
k =

TR|mt,n
k

Tmt,n
k                                                                                                                                               (20) 

 

The local number Nusselt is around the tube perimeter: 

Nunt
k+1 =

Nuk

∆R
[3Tmt,n

k − 4Tmt−1,n
k + Tmt−2,n

k ]                                                                                                       (21) 

By integrating the Nusselt Number local to the perimeter of the tube at the position (k+1): 

Nuk+1 = SNuk + (1 − S)
2

π
∫ Nunt

k+1d∅
π

0
                                                                                                            (22) 

A Nusselt number is used to calculate the location of surface temperature (k+1). The limits cause volatility with the relaxing 

factor value (S = 0) of the solution nevertheless. Consequently, relaxation factor (S=0.8) is used for stability considerations 

[27]. 

The integration above was calculated with the 1/3 rule method by Simpson. A variable called the Nusselt Number Ratio 

(NUR) with its definition given as the following to show how the nanofluids affect the heat transfer rate. 

NUR =
Nuave|with nanofluid 

Nuave| pure fluid
 

The NUR rate above 1 indicates that the heat transfer rate on this fluid increases, whereas the NUR value of NUR 

less than one is shown [28]. 
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RESULTS AND DISCUSSION 

Fig. 2 represents the relationship between the Nusselt Number (Nu) variations with angle inclination cylinder (α) for 

the Ag/water nanofluids with the adiabatic process, Rayleigh number (Ra = 105), the Reynolds number (Re= 400), 

and the percentage volume fraction concentration (Vol. = 2.5%). The Nusselt number generally decreases as the 

angle incline increases. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Axial profile of the Nu with different inclination angles of Ag/Water at Re = 400, Ra = 105 and Φ = 2.5 

vol.%. 

Fig. 3 shows the relationship between Nusselt (Nu) variations of the inclination cylinder angle (α) for adiabatic of 

Cu/water nanofluids with Reynolds number (Re = 400) and the Rayleigh number (Ra = 105), and volume fraction 

concentration (Vol. = 2.5 %). The Nusselt number generally decreases with an increase in the angle inclination. 

 

 

 

 

 

 

 

 

 

 

Figure 3. Axial profile of the Nu with different inclination angles of Cu/Water at Re = 400, Ra = 105 and Φ = 2.5 

vol.%. 

Fig. 4 represents the relationship between the Nusselt numbers (Nu) with the angle of tilt cylinder (α) for the 

adiabatic of TiO2/water nanofluids at Rayleigh (Ra = 105), Reynolds numbers (Re = 400), and volume fraction 

concentration (Vol. = 2.5%). The Nusselt number usually decreases with an increase in angle inclination. 
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Figure 4. Axial profile of the Nu with different inclination angles of TiO2 /water at Re = 400, Ra = 105 and Φ = 2 

vol.%. 

Fig. 5 represents the relation between Nusselt number variations (Nu) with inclination cylinder angle (α) for 

Ag/(EG: Water (60:40)) nanofluid at Reynolds number (Re = 400), Rayleigh number (Ra = 105) and volume fraction 

percentage (Vol.= 2.5 %). The Nusselt number generally decreases with increased angle inclination.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: Axial profile of the Nu with different inclination angles of Ag/ (EG-Water (60:40)) at Re = 400, Ra = 105 

and Φ = 2.5 vol.%. 

Fig. 6 shows the relation of the Nusselt number (Nu) variations with an angle of inclination of a cylindrical cylinder 

(α) for Cu/(EG: water (60:40)) nanofluid at Reynolds number (Re = 400), Rayleigh number (Ra = 105) and volume 

fraction percentage (vol. = 2.5 %). The increase of the Nusselt number is clearly shown in the horizontal position of 

the isothermal case more than the vertical position. 
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Figure 6: Axial profile of the Nu with different inclination angles of Cu/ (EG-Water (60:40)) at Re = 400, Ra = 105  

and Φ = 2.5 vol.%. 

Fig. 7 represents the relation between the changes of Nusselt Number (Nu) and angle of inclination (α) of the 

adiabatic flow of TiO2/(EG: Water (60:40)) nanofluid, at the number of Rayleigh (Ra = 105), the number of 

Reynolds (Re = 400) and the percentage of volume fraction concentration (Vol. = 2.5%) is present. The Nusselt 

number generally decreases with an increase in the angle inclination. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7: Axial profile of the Nu with different inclination angles of TiO2/ (EG-Water (60:40)) at Re = 400, Ra = 

105 and Φ = 2.5 vol.%. 

Fig. 8 shows the comparison between the Nusselt numbers for Ag/Water nanofluid with Ag/(EG – Water (60:40)) 

nanofluid at the horizontal position of the cylinder. The figure shows that Ag/Water nanofluid numbers from Nusselt 

numbers have the highest value than Nusselt numbers Ag/(EG - Water (60:40)) nanofluid numbers. 
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Figure 8: Nusselt Number Comparison for Ag/Water with Ag/(EG – Water (60:40)) at α = 0. 

Fig. 9 indicates a comparison of Nusselt numbers between Cu/Water nanofluid with Cu/ (EG – Water (60:40)) 

nanofluid in the cylindrical at horizontal position. The figure shows that Cu/Water nanofluid is the highest Nusselt 

number than Ag/ (EG – Water (60:40)) nanofluid. 

 

 

 

 

 

 

 

 

 

 

Figure 9. Nusselt number comparison for Cu/water with Cu/ (EG-Water (60:40)) at α = 0. 

Fig. 10 represents a comparison of Nusselt numbers in a horizontal position of cylindrical form between TiO2/ water 

nanofluid with TiO2/ (EG – water (60:40)) nanofluid. The figure shows the Nusselt number of TiO2 /Water 

nanofluid is highest than of TiO2/(EG – water (60:40.) nanofluid. 
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Figure 10. Nusselt number comparison for TiO2/water with TiO2/ (EG-Water (60:40)) at α = 0. 

Validation of Results 

Fig. 11 shows the comparison with the numerical results of Khalid [27] shows as validating the current results. Our 

numerical results were achieved using nanofluids Ag/Water, Cu/Water and TiO2/Water with the percentage volume 

fraction (Vol. = 2.5%). Flow along horizontal cylinder (α = 0).  

 

 

 

 

 

 

 

 

 

Figure 11. Comparison of the axial evolution of Nu in a horizontal cylinder with the numerical results of Khalid 

[30]. 

CONCLUSIONS 

This study was conducted to analyze the nanofluid flow and the horizontal and inclined cylinder and effects of 

nanoparticles Ag, Cu, and TiO2 with base fluids water and with (EG-Water (60:40)) on the Nusselt number for 

adiabatic process. Flow is laminar at the number of Reynolds (Re = 400), the number of Rayleigh (Ra = 105) and 

percentage fraction of the volume (Vol. = 2.5%). From the results, we can conclude the following: 
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1. The value of the Nusselt numbers has the highest value in the horizontal position of the cylinder compared with 

an inclined cylinder. 

2. The values of Nusselt number of metallic nanoparticles of Ag and Cu are more significant than of nonmetallic 

nanoparticles of TiO2, respectively. 

3. The values of the ratio Nusselt number in nanoparticles with base fluid water are more significant than that of 

nanoparticles with base fluid (EG: Water (60:40)).   
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