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ABSTRACT: In this paper, a simply-supported composite laminate beam has been studied for the purpose of 

analyzing the buckling and natural frequency. This beam was symmetric and made up of four layers with the 

following lamination [0 0]s, [90 90]s, [0 90]s and [90 90]s. Using Euler-Bernoulli beam theory and Navier-type 

solutions, the critical buckling load and the natural frequency of the laminated beam were determined. For the purpose 

of validating study, the results were compared with previous studies and were in great agreement with them. It is clear 

from the numerical results that the buckling load and the frequency increase with the increase in the volume fraction 

and decrease with an increase in the slender ratio a/h, as the lamination [0 0]s has maximum critical buckling load and 

natural frequency, while the lamination [90 90] has minimum. 
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INTRODUCTION 

Beams and plates consisting of composite materials have become used extensively in the mechanical, civil and 

aerospace industries due to their attractive properties such as high strength and stiffness to their weight ratio. The 

effects of deformations of shear loads are more pronounced in composite materials, and therefore the analysis of 

natural frequency and buckling has become more widespread in recent years. Most methods, depending on beam 

theories, have been developed by researchers in order to analyze the deflection of the composite beams.A lot of 

articles have been written on composite beams in recent decades. Kapania and Raciti [1,2] review articles on buckling 

and free vibration. Kadheir [3], built displacement was dependent on higher order shear deformation theories in 

analysis of composite beams. Ramtekkar [4] developed a plane-stress mixed finite element method by using 

Hamilton’s energy principle for natural vibration of composite beams depending on third order beam theory. Arya [5] 

achieved vibration analysis for laminated beams using the theory of shear deformation (zig-zag). Emam and Nayfeh 

[6] used post buckling solution for beam vibration in buckling position by using classical laminate beam theory. 

Gupta et al [7] suggested closed models expressions for predicating the behavior of beams buckling with axial 

direction movable ends using the Rayleigh-Ritz process. Fu et al [8] created analytic solutions for buckling and post 

buckling for symmetric laminated composite beams with different boundary conditions depending upon Timoshenko 

beam theory by taking geometric nonlinearity of governing differential equations for beams subjected to temperature 

by using the Hamilton principle. Kim and Lce [9] dependent on first order shear deformation theory, created a new 

finite element model of vibration problem for beams and sandwich panels with different boundary conditions. Kahya 

[10] introduced analysis for buckling of composite beams and sandwich panels using a finite element method based 

on first order shear deformation theory. Jin et al [11] used Reddy's higher order shear deformation theory to analyze 

the vibration of beams with laminated composite face sheets. 

PROBLEM FORMULATION 

In this paper, a composite beam that consists of four plies with different laminations has been studied. A composite 

beam (fiber and matrix) has been considered. It is length a, width b and thickness h as in figure 1 
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Figure 1. Simply supported laminated composite beam subjected to compressive load 

The aim of this paper is to derive an analytical method for predicating bucking load and frequency of laminated 

Timoshenko beam. Because composite materials are nonhomogeneous in composition, properties such as modulus of 

elasticity and modulus of rigidity vary across the material. The modulus of elasticity of a composite material varies 

with volume fraction and is defined as follows. 

𝐸1= 𝐸𝑓𝑉 + 𝐸𝑚𝑉𝑚 

𝐸2 =  
𝐸𝑓𝐸𝑚

𝐸𝑓𝑉+𝐸𝑚𝑉
                                                               (1) 

Where 𝐸𝑓 and 𝐸𝑚 are fiber and matrix Young’s modulus.   

𝑉𝑓 and 𝑉𝑚 are fiber and matrix volume fraction. 

 Figure-2-illustraites the relationship between  
𝐸1

𝐸2
⁄  and 𝑉𝑓 

 

Figure 2. Modulus of elasticity for simply supported laminated beam versus volume fraction 

The symmetrically laminated beam's equation of motion is Reedy [12]. 

-
𝜕2

𝜕𝑥2 (𝐸𝑥𝑥
𝑏  𝐼𝑦𝑦  

𝜕2 𝑤𝑜

𝜕𝑥2  )+𝑏𝑃𝑥𝑥  
𝜕2 𝑤𝑜

𝜕𝑥2  + �̂�= 𝐼𝑂  
𝜕2 𝑤𝑜

𝜕𝑡2  - 𝐼2  
𝜕4𝑤𝑜

𝜕𝑥2 𝜕𝑡2                             -2- 

Where  

𝑃𝑥𝑥 is the applied axial load, 

 �̂�=𝑏𝑞,       𝐼𝑂 = 𝑏𝐼𝑂,       𝐼𝑦𝑦= 
𝑏ℎ3

12
 ,       𝐼2 = 𝑏𝐼2 ,       𝐼𝑖=𝑏 ∫ 𝜌(𝑧)𝑖

ℎ

2

−
ℎ

2

𝑑𝑧        (i= 0,1, 2)            -3- 

𝐼𝑂  and  𝐼2 are the mass moment of inertia. 

 𝑞 is the transverse load and 𝜌 is the density of beam materials. 

BUCKLING 

When a beam is exposed to an axial compressive force remains straight but shortens while the force increases from 

zero to a certain limit. Until this limit, the beam is in equilibrium and is said to be stable. If the load increases or any 

lateral disturbance applied to the beam begins to be deflected and this the onset of buckling and the minimum load 

causes buckling called critical buckling load. 

By setting  𝑃𝑥𝑥 = −𝑃𝑥𝑥 ,  �̂�=0, and all inertia terms to zero in equation-2- 
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𝐸𝑥𝑥   𝐼𝑦𝑦  
𝑑4𝑤𝑜

𝑑𝑥4  +𝑏𝑃𝑥𝑥(𝑤𝑜)
𝑑2 𝑤𝑜

𝑑𝑥2 = 0                                           -4- 

      By substituting  𝑤𝑜 =  𝑤𝑜
𝑒 + 𝑊 where  𝑤𝑜

𝑒  the prebuckling and  𝑊 is the buckling deflection into equation-

4-and deriving with respect to-x- 

𝑑4𝑊

𝑑𝑥4 +  
𝑏𝑃𝑥𝑥

𝐸𝑥𝑥𝐼𝑦𝑦

𝑑2𝑊

𝑑𝑥2  =0                                                       -5- 

Where 

𝐸𝑥𝑥 =
12

ℎ3𝐷11
∗  = 

𝑏

𝐼𝑦𝑦𝐷11
∗  ,      𝐼𝑦𝑦 =

𝑏ℎ3

12
                                         -6- 

𝐷11
∗ = (D22D66 - D26 D26) / D* ,    D* =D11Dl + Dl2D2 + Dl6D3  ,      𝐷𝑖𝑗  is bending stiffnesses 

Integrating equation-6-twice to-x-we get. 

𝑑2𝑊

𝑑𝑥2 +  
𝑏𝑃𝑥𝑥

𝐸𝑥𝑥𝐼𝑦𝑦
𝑊 = 𝐾1𝑥 + 𝐾2                                                  -7- 

The general solution to equation-7-is 

𝑊(𝑥) = 𝐶1𝑠𝑖𝑛𝜆𝑥 + 𝐶2cos𝜆𝑥+𝐶3𝑥 + 𝐶4                                         -8- 

Where  𝜆2=
𝑏𝑃𝑥𝑥

𝐸𝑥𝑥𝐼𝑦𝑦
 ,      𝐶3 =

𝐾1

𝜆2    ,      𝐶4 =
𝐾2

𝜆2                                         -9- 

      The constants 𝐶1, 𝐶2, 𝐶3, and 𝐶4 can be evaluated using the beam's boundary conditions. 

     The value of the buckling load 𝑃𝑥𝑥 can be determined immediately after determining the value of 𝜆 by using 

equation -9- 

𝑃𝑥𝑥=
𝐸𝑥𝑥𝐼𝑦𝑦

𝑏
 𝜆2                                                     -10- 

      The critical buckling load (𝑃𝑐𝑟) and the mode shape given by W(x) are given by the lowest value of 𝑃𝑥𝑥, 

which is given by the smallest value of (𝜆). 

The boundary conditions for a simply supported beam are 

                        𝑤𝑜(0) = 0 ,       𝑤𝑜(𝑎) = 0 ,       
𝑑2𝑤𝑜(0)

𝑑𝑥2 = 0,       
𝑑2𝑤𝑜(𝑎)

𝑑𝑥2 = 0                         -11- 

Which means that  

𝑊(0) = 0  :    𝐶2 +  𝐶4 = 0 

𝑊= (0)=0:        -𝐶2𝜆2   which means   𝐶2 = 0    and  𝐶4 = 0 

𝑊(𝑎) = 0 :  𝐶1𝑠𝑖𝑛𝜆𝑎 + 𝐶3𝑎 = 0 

𝑊= (a)=0 :      𝐶1𝑠𝑖𝑛𝜆𝑎 = 0   which means  𝐶3 = 0                       -12- 

For nontrivial solution 

𝐶1𝑠𝑖𝑛𝜆𝑎 = 0     means that     𝜆𝑎 = 𝑛𝜋,    𝑛 = 1,2, …                          -13 

Therefore the buckling load is  

𝑏𝑃𝑥𝑥=𝐸𝑥𝑥  𝐼𝑦𝑦  (
𝑛𝜋

𝑎
)2                                                       -14- 

The buckling mode is 

𝑊(𝑥) = 𝐶1𝑠𝑖𝑛
𝑛𝜋𝑥

𝑎
,  where        𝐶1 ≠ 0                              -15- 

The critical buckling load  𝑷𝒄𝒓 becomes (n=1) 
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𝑷𝒄𝒓=( 
𝝅𝟐

𝟏𝟐
)

𝑬𝒙𝒙𝒉𝟑

𝒂𝟐                                                            -16- 

The following nondimensionalization used 

𝑷𝒄𝒓
− =𝑃𝑐𝑟𝑎2 𝐸2ℎ3⁄                                                      -17- 

And the first buckling mode 

𝑾(𝒙) = 𝑪𝟏𝒔𝒊𝒏
𝝅𝒙

𝒂
                                                              -18- 

2-2 Free vibration 

For natural vibration, the solution is assumed to be periodic 

                                             𝑤𝑜(𝑥, 𝑡) = 𝑊(𝑥)𝑒𝑖𝜔𝑡 ,      𝑖 = √−1                              -19- 

And if q=0, the governing equation-2-reduced to 

𝐸𝑥𝑥  𝐼𝑦𝑦
𝑑4𝑊

𝑑𝑥4 − 𝑏𝑃𝑥𝑥  
𝑑2𝑊

𝑑𝑥2 = 𝜔2𝐼𝑂𝑊 − 𝑊2𝐼2
𝑑2𝑊

𝑑𝑥2                           -20- 

Equation-20-can be changed to the following form 

𝑅
𝑑4𝑊

𝑑𝑥4 +  𝑓
𝑑2𝑊

𝑑𝑥2 − 𝑟𝑊 = 0                                            -21- 

Where  

R= 𝐸𝑥𝑥𝐼𝑦𝑦 ,                𝑓 = 𝜔2𝐼2 − 𝑏𝑃𝑥𝑥            ,      𝑟 = 𝜔2𝐼𝑂                     -22- 

The general solution for equation -21- is 

𝑊(𝑥) = 𝐶1𝑠𝑖𝑛𝜆𝑓𝑥 +  𝐶2cos𝜆𝑓𝑥+𝐶3𝑠𝑖𝑛ℎ𝜇𝑥 + 𝐶4𝑐𝑜𝑠ℎ𝜇𝑥                       -23- 

Where                

𝜆𝑓 = √
1

2𝑅
(𝑓 + √𝑓2 + 4𝑅𝑟)  ,       𝜇 = √

1

2𝑅
(−𝑓 + √𝑓2 + 4𝑅𝑟)               -24- 

The boundary conditions can be used to evaluate the constants 𝐶1,   𝐶2,   𝐶3, and   𝐶4From equation-24- 

𝑅𝜆𝑓
4 - 𝑓𝜆𝑓 − 𝑟 =0

2                                                                     -25- 

𝑅𝜇4 + 𝑓𝜇 − 𝑟 = 0
2                                                                    -26- 

Substituting R, f  and r into equations-25-and-26-and solving for 𝜔, we get 

𝜔2=𝜆𝑓
4(

𝐸𝑥𝑥𝐼𝑦𝑦

𝐼𝑂
)(

1+𝑃1

1+𝑅1
)                                                                 -27- 

𝜔2=𝜇4(
𝐸𝑥𝑥𝐼𝑦𝑦

𝐼𝑂
)(

1− 𝑃2

1− 𝑅2
)                                                                -28- 

Where       𝑃1 =
𝑏𝑃𝑥𝑥

𝐸𝑥𝑥𝐼𝑦𝑦𝜆𝑓
2   ,    𝑅1 =

𝐼2

𝐼𝑂
 𝜆𝑓

2
   ,   𝑃2 =

𝑏𝑃𝑥𝑥

𝐸𝑥𝑥𝐼𝑦𝑦𝜇2   ,   𝑅2 =
𝐼2

𝐼𝑂
 𝜇2 

      The equations-27-and-28-are the same as and either one can be used to calculate the frequency of the beam 

once 𝜆𝑓 or 𝜇 is known. 

When the applied axial load is reduced to zero, the natural frequency can be calculated from 

𝜔2 = 𝜆𝑓
4 𝐸𝑥𝑥𝐼𝑦𝑦

𝐼𝑂
(1 −

𝐼2𝜆2

𝐼𝑂+𝐼2𝜆2 = 𝜇4 𝐸𝑥𝑥𝐼𝑦𝑦

𝐼𝑂
(1 +

𝐼2𝜇2

𝐼𝑂−𝐼2𝜇2)                              -29- 

Neglecting rotary inertia leads to 𝜆𝑓 = 𝜇 and 
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𝝎 = 𝝀𝒇𝒂𝒐 ,    𝑎𝑜 = √
𝐸𝑥𝑥𝐼𝑦𝑦

𝐼𝑂
                                                             -30- 

The smallest value of  𝜔  is called fundamental frequency. 

For simply supported beam the boundary conditions as in equation-11-and can give 

𝐶2 =   𝐶3 =  𝐶4 = 0                                                           -31- 

𝐶1𝑠𝑖𝑛𝜆𝑓𝑎 = 0    which means      𝜆𝑓 =
𝑛𝜋

𝑎
      -32- 

Substituting for 𝜆𝑓 from equation-23-and-24-into equation-29-we obtain 

𝜔𝑛 = (
𝑛𝜋2

𝑎
)𝑎𝑜√1 +

𝑏𝑃𝑥𝑥

(
𝑛𝜋

𝑎
)2𝐸𝑥𝑥𝐼𝑦𝑦

 √
1

1+(
𝑛𝜋

𝑎
)2 �̂�2

�̂�𝑂

                                              -32- 

By neglecting rotary inertia 

𝜔𝑛 = (
𝑛𝜋2

𝑎
)𝑎𝑜√1 +

𝑏𝑃𝑥𝑥

(
𝑛𝜋

𝑎
)2𝐸𝑥𝑥𝐼𝑦𝑦

                                                         -33- 

     From equation-32-we can note natural frequency decreases when a compressive force instead of tensile force 

is applied to the beam. 

When setting 𝑃𝑥𝑥= 0 in equation-31-we obtain 

𝜔𝑛 = (
𝑛𝜋2

𝑎
)𝑎𝑜    ,  𝝎𝒏 = (

𝒏𝝅𝟐

𝒂
) √

𝑬𝒙𝒙𝑰𝒚𝒚

�̂�𝑶
                                          -34- 

The nondimensionalizad shown below is used. 

𝝎−=𝝎𝟏𝒂𝟐√𝑰𝒐 𝑬𝟐𝒉𝟑⁄                                                                -35- 

RESULTS AND DISCUSSION 

The obtained solution is used to evaluate critical buckling load and natural frequency based on Euler-Bernoulli 

beam theory. The beam is made up of four layers which is symmetrically and with lamination [0 0]s, [ 90 90 ]s, [0 

90]s and [90 0]s . The young’s modulus and volume fraction for fiber 𝐸𝑓, 𝑉𝑓 respectively and also for matrix 𝐸𝑚, 

𝑉𝑚 . Beam length is a, width is b and height is h. Table-1-lists additional properties. 

Table 1. properties of the beam 

property Modulus of elasticity 

(GPa) 

Poison’s ratio (𝜈) 

fiber 235 0.2 

matrix 4.62 0.36 

Length, a (m) 1 

0.2 

0.1 
Width, b (m) 

Height, h (m) 

Table-2 illustrates the critical buckling load and natural frequency of a laminated composite simply supported 

beam with varying lamination depending on h=a/10 and volume fraction 𝑉𝑓=0.5. It has been noted that the 

obtained values are in excellent agreement with the values obtained by Reedy [12]. 

Table 2. Dimensionless 𝑃𝑐𝑟
− and 𝜔− of beam with different lamination, 𝑉𝑓 = 0.5, h/a=1/10 

Laminate 
𝑃𝑐𝑟

− 𝜔− 

Present work Reddy [12] Present work Reddy [12] 

   [0 0]s 20.518 20.562 14.230 14.246 

 [90 90]s 0.822 0.822 2.849 2.849 
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The effect of lamination on the critical buckling load 𝑃𝑐𝑟
−  is represented in Figure-3-of different volume fraction for 

a/h=10. It is obvious that the buckling load 𝑃𝑐𝑟
− increases with the volume fraction of the beam for all lamination 

except the lamination [90 90]s. 

 

Figure 3. Critical buckling load (𝑃𝑐𝑟
− ) versus volume fraction (𝑉𝑓 ) 

Figure-4-shows the variation of critical buckling load 𝑃𝑐𝑟  with volume fraction for different slenderness ratio 

a/h for beam. According to the results, increasing the slenderness ratio a/h produces a reduction in the critical 

buckling load 𝑃𝑐𝑟 . 

 

Figure 4. Critical buckling load (𝑃𝑐𝑟
− ) versus volume fraction (𝑉𝑓 ) for different (a/h) with lamination [0 90]s 

Figure-5- shows the effect of the lamination on the critical load at various length to thicknesses ratio. The 

laminate [0 0]s has the maximum critical load because that 𝐸1 > 𝐸2 and the stiffness of the laminate is largest 

[0 90]s 18.097 18.127 13.364 13.375 

[90 0]s 3.291 3.296 5.700 5.703 
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in the fiber direction. 

 

Figure 5. Critical buckling load (𝑃𝑐𝑟
− ) versus length to thickness ratio (a/h) for different (a/h) for different 

lamination 

Relation of 𝐸1/𝐸2 with buckling load 𝑃𝑐𝑟is shown in figure-6-.The figure shows that buckling load is directly 

proportional to E1/E2.  

 

Figure 6. The effect of (E1/E2) ratio on the critical buckling for cross-ply laminated beam 

Figure-7-describes the relationship between nondimensionlized frequency and volume fraction 𝑉𝑓. This figure 

demonstrates that 𝜔−is greater at laminate [0 0]s and smaller at laminate [90 90]s and this is related to 

longitudinal modulus of elasticity 𝐸1 which is in the direction of  [0 0]s . 
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Figure 7. Nondimensionlized frequency versus volume fraction for different lamination 

Figure-8- shows that natural frequency is inversely proportional to the length to thickness ratio. The 

lamination [0 0]s has the largest natural frequency whereas the lamination [90 90 ]s has the smallest one. As 

for the lamination [0 90 ]s, its natural frequency is close to the lamination [ 0 0]s, and lamination  [90 0 ]s, so 

its natural frequency is close to the [90 90 ]s 

 

Figure 8. Frequency (𝜔) versus length to thickness ratio for different lamination 

Figure-9-shows the relationship between the natural frequency and the volume fraction of several length to 

thickness ratios ( a/h ), where we note that the smallest ratio has a higher natural frequency. 
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Figure 9. Fundamental frequency (𝜔) versus volume fraction for different length to thickness ratio (a/h) 

CONCLUSIONS 

Analysis of symmetric cross-ply laminate composite beam with lamination (0 0]s, [90 90]s ,[0 90]s and [90 0]s has 

been studied to investigate buckling and free vibration of a simply supported beam. Euler- Bernoulli beam theory 

was used for the analysis which is subjected to compressive force for buckling. The critical buckling load and 

natural frequency of the beam was calculated using the Navier method. The results obtained were compared with 

the results of previous studies, and there was a clear agreement between them. It is found that an increase in the 

volume fraction of the fiber causes an increase in the buckling load and natural frequency, which is inversely 

proportional to the length to height ratio (a/h). 

• 𝐸1 is the longitudinal modulus of elasticity in the fiber direction and 𝐸2 is the lateral modulus of elasticity and, 

because of 𝐸1 > 𝐸2, the stiffness in a laminate is largest in the fiber direction. Therefore, the buckling load and 

natural frequency increases with volume fraction 

• [0 0]s beam has the largest critical buckling load when compared to [90o  90o]s beam. 

• Also [0 0]s has natural frequency largest than [90o  90o]s beam. 

• At [0 90]s beam because laminate 0o is far from the midplane of the beam and therefore has a greater buckling 

load  and  natural frequency when compared to the [90 0]s beam 
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