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ABSTRACT 

Extreme working conditions and precise applications of different gear types in modern industries put a heavy 

responsibility and a lot of hopes on the engineering efforts regarding the refinement of the research ways and 

manufacturing methods. This work studies characteristics of cycloid profiles and employs them in spur gear 

strength enhancement. Tooth thickness, pressure angle and radius of curvature for cycloid teeth are derived 

analytically based on the cycloid curve properties and spur gear geometry. Bending stress has been analytically 

formulated in terms of the generation mechanism that are roller radius and rolling angle as well as  spur gear 

characteristics that are module and teeth number at any section. The maximum stress location and value are 

derived analytically and solved numerically to propose an alternative equation allocate it. FEM has been adopted 

to verify the analytical work using Ansys software ver. 15 to simulate the study. Results show good agreement 

and the most highlighted points are; module increasing has the greatest effect on enhancement of tooth bending 

strength while the roller radius must be as small as possible and peaked at the value of module for optimum teeth 

strength. 
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INTRODUCTION 

Since its appearance cycloid teeth were widely in use up to the start of 20th century when involute teeth deeply 

engaged most of nowadays mechanical applications because of their ease of manufacturing and quietness and let 

small opportunities for other teeth profiles and that the cause of the cycloidal teeth application lack in gearing 

fields. In the light of the previous this work spots the light on the induced working bending stress of cycloid spur 

gears. The main frame of the study focuses on investigating the effect of cycloid teeth shape and size, which is a 

function of the generating circle radius, module, teeth number in addition to the fillet radius on the bending 

stresses. The analytical part starts with the formulation of the pressure angle, tooth thickness and the radius of 

curvature which are prerequisite to calculate bending stress. The numerical solution adopted the FE solver Ansys 

software ver. 15 to check the analytical results. 

GEOMETRICAL CHARACTERISTICS OF CYCLOIDAL TEETH 

The main geometrical characteristics of cycloidal teeth are tooth thickness, pressure angle and the radius of 

curvature at any contact position [1]. The three characteristics will be discussed and formulated as follows: 

Tooth thickness 

𝑡 = 2 [𝑥ℎ𝑙𝑔 + 𝑅𝑝 sin (
360

4𝑧
)]                                                                                                                                    (1) 

𝑥ℎ𝑙𝑔 = 𝑅𝑟  𝑠𝑖𝑛 [𝜃 (
𝑅𝑟

0.5 𝑚 𝑧
− 1)] + (𝑅𝑝 − 𝑅𝑟)𝑠𝑖𝑛 (

𝑅𝑟

0.5 𝑚 𝑧
𝜃)                                                                                   (2) 

Equation 1 evaluates the tooth thickness in terms of x which is in turn a function of the main teeth parameters that 

are module, teeth number, and roller radius as well as the generating angle  and it has been derived based on 

figure 1. 
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Figure 1. Generation and geometrical characteristics of cycloid teeth 

Pressure angle 

During the course of action, the mating teeth contacts each other where the tip of one tooth touch the base of the 

other one and the direction of the transmitted load has its own instantaneously direction which varies from the 

maximum positive direction measured from the positive x axis till its zero value at pitch point then change its 

value to reach its max. negative value when the conjugate takes place between the tip of the first tooth and the 

base of the second one [2]. This direction is very important in gearing field and it has addressed as pressure angle 

(α). The necessity of evaluating pressure angle as a function of gear rotation is that it is the transmitted force 

resolving factor which decomposes the normal load into two components that are the radial component that 

compress the tooth and directed toward gear center and the second component is a tangential force which is the 

cause of rotation [3]. The following formula derive the equation of cycloid spur gear pressure angle, see figure 1.  

Epicycloid profile pressure angle 

𝛼𝑒 = tan−1 𝑅𝑟(1−cos 𝜃)

𝑅𝑟 sin 𝜃
                                                                                                                                                (3) 

From figure1 the relation between any point location (radius R) and the rolling angle ( ) for epicycloid is 

𝑥𝑒𝐿𝑔 = 𝑅𝑟  𝑠𝑖𝑛 [𝜃 (
𝑅𝑟

𝑅𝑝
+ 1)] − (𝑅𝑟 + 𝑅𝑝)𝑠𝑖𝑛 (

𝑅𝑟

𝑅𝑝
𝜃)                                                                                              (4) 

𝑦𝑒𝐿𝑔 = −𝑅𝑟  𝑐𝑜𝑠 [𝜃 (
𝑅𝑟

𝑅𝑝
+ 1)] + (𝑅𝑝 + 𝑅𝑟)𝑐𝑜𝑠 (

𝑅𝑟

𝑅𝑝
𝜃)                                                                                            (5)                                 

𝑅2 = 𝑥𝑒𝐿𝑔
2 + 𝑦𝑒𝐿𝑔

2                                                                                                                                                   (6) 

𝑅2 = [𝑅𝑝 + 𝑅𝑟(1 − cos 𝜃)]
2

+ [𝑅𝑟 sin 𝜃]2                                                                                                                (7) 

𝑅2 = 𝑅𝑝
2 + 2𝑅𝑟

2 + 2𝑅𝑝𝑅𝑟 − 2𝑅𝑝𝑅𝑟𝑐𝑜𝑠𝜃 − 2𝑅𝑟
2𝑐𝑜𝑠                                                                                          (8) 

𝑅2 = 𝑅𝑝
2 + 2𝑅𝑟

2 + 2𝑅𝑝𝑅𝑟 − cos 𝜃[2𝑅𝑝𝑅𝑟 + 2𝑅𝑟
2]                                                                                              (9) 

cos 𝜃 =
𝑅𝑝

2+2𝑅𝑟
2+2𝑅𝑝𝑅𝑟−𝑅2

2𝑅𝑟(𝑅𝑝+𝑅𝑟)
                                                                                                                                    (10) 

∴  𝜃𝑒 = cos−1 (𝑅𝑝+𝑅𝑟)
2

+𝑅𝑟
2−𝑅2

2𝑅𝑟(𝑅𝑝+𝑅𝑟)
                                                                                                                                (11) 

By sub. equation 11 in equation 3 the pressure angle will be 
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𝛼𝑒 = tan−1
(1−

(𝑅𝑝+𝑅𝑟)
2

+𝑅𝑟
2−𝑅2

2𝑅𝑟(𝑅𝑝+𝑅𝑟)
)

sin[cos−1
(𝑅𝑝+𝑅𝑟)

2
+𝑅𝑟

2−𝑅2

2𝑅𝑟(𝑅𝑝+𝑅𝑟)
]

                                                                                                                       (12)   

Hypocycloid profile pressure angle 

𝛼ℎ = tan−1 𝑅𝑟(1+cos(180−𝜃))

𝑅𝑟sin (180−)
                                                                                                                                       (13) 

𝛼ℎ = tan−1 [
1−cos

sin 𝜃
]                                                                                                                                                    (14) 

𝑥ℎ𝐿𝑔 = 𝑅𝑟  𝑠𝑖𝑛 [𝜃 (
𝑅𝑟

𝑅𝑝
− 1)] + (𝑅𝑝 − 𝑅𝑟)𝑠𝑖𝑛 (

𝑅𝑟

𝑅𝑝
𝜃)                                                                                         (15) 

𝑦ℎ𝐿𝑔 = 𝑅𝑟  𝑐𝑜𝑠 [𝜃 (
𝑅𝑟

𝑅𝑝
− 1)] + (𝑅𝑝 − 𝑅𝑟)𝑐𝑜𝑠 (

𝑅𝑟

𝑅𝑝
𝜃)                                                                                                (16) 

𝑅2 = 𝑥ℎ𝐿𝑔
2 + 𝑦ℎ𝐿𝑔

2                                                                                                                                                    (17) 

𝑅2 = [𝑅𝑝 − 𝑅𝑟 − 𝑅𝑟 cos(180 − 𝜃)]
2

+ [𝑅𝑟 sin(180 − 𝜃)]2                                                                                   (18) 

𝑅2 = [𝑅𝑝 − 𝑅𝑟 + 𝑅𝑟 cos 𝜃]
2

+ [𝑅𝑟 sin 𝜃]2                                                                                                                  (19) 

𝑅2 = (𝑅𝑝 − 𝑅𝑟)
2

+ 2(𝑅𝑝 − 𝑅𝑟)𝑅𝑟 cos 𝜃 + 𝑅𝑟
2                                                                                                   (20)                

𝜃ℎ = cos−1 𝑅2−(𝑅𝑝−𝑅𝑟)
2

−𝑅𝑟
2

2𝑅𝑟(𝑅𝑝−𝑅𝑟)
                                                                                                                                     (21) 

𝛼ℎ = tan−1 [
1−

𝑅2−(𝑅𝑝−𝑅𝑟)
2

−𝑅𝑟
2

2𝑅𝑟(𝑅𝑝−𝑅𝑟)

sin(cos−1
𝑅2−(𝑅𝑝−𝑅𝑟)

2
−𝑅𝑟

2

2𝑅𝑟(𝑅𝑝−𝑅𝑟)
)

]                                                                                                                    (22)    

Where 

𝑅𝑝 = 0.5 𝑚 𝑧                                                                                                                                                                (23) 

Equations 12 and 22 calculate the pressure angle at the epicycloid and hypocycloid profiles respectively. 

Radius of curvature 

The key role gradient in evaluating the contact strength of gear teeth is the radius of curvature at any contact 

position [4]. From figure 1 it is clear that 

Epicycloid profile 

𝜌𝑒𝐿
2 = (𝑅𝑟 ∗ 𝑠𝑖𝑛𝜃)2 + 𝑅𝑟

2(1 − 𝑐𝑜𝑠𝜃)2 = 2𝑅𝑟
2 − 2𝑅𝑟

2𝑐𝑜𝑠𝜃                                                                              (24) 

𝜌𝑒𝐿
2 = 2𝑅𝑟

2(1 − 𝑐𝑜𝑠𝜃)                                                                                                                                            (25) 

𝜌𝑒𝐿 = √2𝑅𝑟
2(1 − 𝑐𝑜𝑠𝜃)                                                                                                                                             (26) 

Sub. Equation (11) in Equation  (26) results 

𝜌𝑒𝐿 = √2𝑅𝑟
2 (1 −

(𝑅𝑝+𝑅𝑟)
2

+𝑅𝑟
2−𝑅2

2𝑅𝑟(𝑅𝑝+𝑅𝑟)
)                                                                                                                            (27) 

Hypocycloid profile 

𝜌ℎ𝐿
2 = [𝑅𝑟 ∗ sin (180 − 𝜃)]2 + [𝑅𝑟(1 + cos(180 − 𝜃))]2                                                                                  (28)  

𝜌ℎ𝐿
2 = 𝑅𝑟

2 sin 𝜃2 + 𝑅𝑟
2(1 − 𝑐𝑜𝑠𝜃)2                                                                                                                       (29) 
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𝜌ℎ𝐿
2 = 2𝑅𝑟

2 − 2𝑅𝑟
2𝑐𝑜𝑠𝜃                                                                                                                                        (30) 

𝜌ℎ𝐿
2 = 2𝑅𝑟

2(1 − 𝑐𝑜𝑠𝜃)                                                                                                                                              (31) 

𝜌ℎ𝐿 = √2𝑅𝑟
2(1 − 𝑐𝑜𝑠𝜃)                                                                                                                                           (32) 

Sub. equation (21)  in (32) leads to 

𝜌ℎ𝐿 = √2𝑅𝑟
2(1 −

𝑅2−(𝑅𝑝−𝑅𝑟)
2

−𝑅𝑟
2

2𝑅𝑟(𝑅𝑝−𝑅𝑟)
)                                                                                                                        (33) 

When the contact position takes place at points above the pitch point  the radius of curvature must be used 

according equation 27 while equation 33 must be used for points below the pitch point. The most important point 

to be taken into account when addressing the problem of contact stress is that the epicycloid profile of one of the 

mating teeth contacts the hypocycloid profile of the other tooth. 

BENDING STRESS  

Generally, gears work under extreme conditions and one of the causes that stands behind such extremism is the 

teeth geometry themselves that produce variable load transmission during the course of action. Load change its 

value, position and direction and such trend stands as a complex problem to be mathematically modeled and 

solved. The most common used formula that fits the bending stress in spur gears is Lewis equation which evaluates 

the nominal bending stress in involute teeth with some idealizations and assumptions that are in main takes the 

tangential components of applied load to calculate the bending stress, unity contact ratio which mean only, gear 

work under worst working condition which mean one tooth transmit the applied load at its tip, the involute profile 

is considered as a parabolic one to be easier and neglects the effect stress concentration factor [5].      

This work adopts beam static bending stress model to be the base of static stress evaluation in cycloid spur gear 

as follows: 

𝜎𝑏 = 𝑀𝑦/𝐼                                                                                                                                                             (34) 

𝜎𝑏 =
12𝐹𝐿𝑡

𝑏(2𝑡)3                                                                                                                                                                 (35) 

And for asymmetric teeth equation 35 will be 

𝜎𝑏 =
12𝐹𝐿𝑡

𝑏(𝑡𝐿+𝑡𝑢)3                                                                                                                                                        (36) 

𝜎𝑏 =
3𝐹 cos(𝛼)

2𝑏
∗

𝐿(𝜃)

𝑡2(𝜃)
                                                                                                                                                    (37) 

Where L is the position of the contact point to the position of the required bending stress and t is the tooth thickness 

at the same position as shown in figure (2) 

 

Figure 2. Lewis bending stress idealization and assumptions 

L 
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𝐿 = 𝑚 + 𝑅𝑝 − 𝑦2                                                                                                                                                  (38) 

𝐿 = 𝑚 + 𝑅𝑝 − 𝑅𝑟  𝑐𝑜𝑠 [𝜃 (
𝑅𝑟

𝑅𝑝
− 1)] + (𝑅𝑝 − 𝑅𝑟)𝑐𝑜𝑠 (

𝑅𝑟

𝑅𝑝
𝜃)                                                                              (39) 

𝑡 = 𝑥 + 𝑅𝑝 sin (
360

𝑧∗4
)                                                                                                                                               (40) 

𝑡 = 𝑅𝑟  𝑠𝑖𝑛 [𝜃 (
𝑅𝑟

𝑅𝑝
− 1)] + (𝑅𝑝 − 𝑅𝑟)𝑠𝑖𝑛 (

𝑅𝑟

𝑅𝑝
𝜃) + 𝑅𝑝 sin (

360

𝑧∗4
)                                                                            (41) 

By sub. equation. 39 and 41 bending stress equation will be  

𝜎𝑏 =
3𝐹 cos(𝛼)

2𝑏
∗

(𝑚+𝑅𝑝−𝑅𝑟 𝑐𝑜𝑠[𝜃(
𝑅𝑟
𝑅𝑝

−1)]+(𝑅𝑝−𝑅𝑟)𝑐𝑜𝑠(
𝑅𝑟
𝑅𝑝

𝜃))

(𝑅𝑟 𝑠𝑖𝑛[𝜃(
𝑅𝑟
𝑅𝑝

−1)]+(𝑅𝑝−𝑅𝑟)𝑠𝑖𝑛(
𝑅𝑟
𝑅𝑝

𝜃)+𝑅𝑝 sin(
360

𝑧∗4
))

2                                                                                    (42)  

Equation 42 reflects the effects of the applied load and the geometrical parameters that are pressure angle, module, 

teeth number, and the rolling circle radius as well as the rolling angle 

MAXIMUM BENDING STRESS VALUE AND LOCATION 

The maximum bending stress value in involute spur gear tooth takes place at the weakest section which 

characterized by its thinnest dimension and the farest location from the contact position and it is the root section 

because of the stress concentration factor [6]. In cycloid teeth the max. bending stress location must be sought 

according the following procedure From equation (36) 

𝜎𝑏 =
12𝐹𝐿𝑡

𝑏(𝑡𝐿+𝑡𝑢)3  

 
𝜕𝜎𝑏

𝜕𝜃
= 0                                                                                                                                                                       (43) 

Using equation 39 and  41 in equation 43 leads to 

𝜕𝜎𝑏

𝜕𝜃
= 𝐿1 − 𝐿2 − 𝐿3 = 0                                                                                                                                             (44)                          

Where 

𝐿1 =    
3𝐹 cos(𝑆5)(2𝑅cos(𝑆2)×sin(

90

𝑧
)𝑆4−

4𝑅 cos(𝑆2)sin(𝑆2)𝜎4
2

𝑚𝑧
+

4𝑅2 cos(𝑆2)sin(𝑆2)S4
mz

)(𝑚+0.5𝑚𝑧−𝑅cos(𝑆3)+cos(𝑆2)S4)

𝑆1
2   

𝐿2 =
3𝐹tan−1(

−𝑐𝑜𝑠(𝜃)−1

𝑠𝑖𝑛(𝜃)
)×sin(𝑆5)×(

𝑐𝑜𝑠(𝜃)×(𝑐𝑜𝑠(𝜃)−1)

sin2(𝜃)
+1)(𝑚+0.5𝑚𝑧−𝑅cos(𝑆3)+cos(𝑆2)𝑆4)

𝑆1
  

𝐿3 =
6𝐹𝑅sin(𝑆2) × cos(𝑆5)𝑆4

𝑚𝑧𝑆1
 

𝑆1 = 𝑅2sin2(𝑆3) + sin2(𝑆2)𝑆4
2 + 0.25𝑚2𝑧2 sin (

90

𝑧
)

2

− 2𝑅sin(𝑆2) × sin(𝑆3)𝑆4 + 𝑅𝑚𝑧sin (
90

𝑧
) × sin(𝑆3) −

𝑚 𝑧 sin(𝑆2) × sin (
90

𝑧
) 𝑆4  

𝑆2 =
2𝑅𝑥

𝑚𝑧
 

𝑆3 = 𝜃 (
2𝑅

𝑚𝑧
) − 1   

𝑆4 = 𝑅 − 0.5𝑚𝑧  

𝑆5 = tan−1 (
−cos(𝜃)−1

sin(𝜃)
)  

Equation 44 is lengthy and complex to be solved directly so that its solution for  has been gotten using numerical 

techniques and a sample of its solutions are listed in table 1 where the values of module have been ranged from 
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2mm to 22mm, roller radius from 3 to 35, teeth number from 5 to 250 teeth and every variable is tuned alone to 

investigate its effect on the angle of the maximum bending stress angle (). According to table 1, it has been 

notified that when the values of roller radius and module are equal then the position of Max. bending stress () 

doesn’t change and ensure the minimum bending stress value which will be referred to as the optimum design. 

The effect of teeth number on the Max. bending stress location in case of optimum design is listed in Table 2. An 

alternative global equation weighing the effect of different variables on the maximum stress location in simple 

compared by equation 44 is imperative. Results in Table 2 will be fitted numerically to some realistic trend based 

on the least square error method [7].  

Table 1. Sample of Max. bending stress location and value in cycloid teeth for different design parameters based 

on equations 44 and 42 

 
Roller radius 

Rr 

Module 

m  (mm) 
Teeth number  Z 

Location 

𝜃  (degree) 
Bending Stress(MPa) 

1 3 3 14 50.15 90.98 

3 5 3 14 58.56 101.47 

5 7 3 14 73.15 121.1 

7 9 3 14 107.99 178.67 

8 7 7 14 50.15 38.99 

10 9 7 14 53.28 40.65 

12 11 7 14 57.1 42.7 

14 13 7 14 61.855 45.3 

15 15 7 14 67.97 48.797 

16 17 7 14 76.2 53.79 

17 19 7 14 88.11 61.7 

18 11 11 14 50.15 24.812 

22 15 11 14 54.242 26.2 

24 17 11 14 56.7146 27.04 

26 21 11 14 62.849 29.184 

28 25 11 14 71.38 32.34 

29 27 11 14 77.09 34.59 

30 15 15 14 50.15 18.169 

34 19 15 14 53.05 18.914 

38 25 15 14 58.56 20.3 

40 29 15 14 63.33 21.53 

42 33 15 14 69.41 23.17 

 

Table 2. Location of maximum bending stress for optimum design (Rr=m) from equation 44 

The best form to fit the trend of data is: 

𝜃𝑚𝑎𝑥 = 𝑎 ∗ 𝑧𝑏                                                                                                                                                       (45) 

 
Teeth number 

z 

Location θ 

(degree) 
 

Teeth number 

z 

Location θ  

(degree) 

1 5 120.54 13 22 44.918 

3 7 73.68 15 26 43.69 

5 9 60.96 17 29 43.02 

7 11 54.93 18 35 42.055 

9 14 50.15 20 50 40.73 

10 16 48.222 21 60 40.24 

11 18 46.82 22 75 39.76 

12 20 45.755 23 150 38.83 
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Constant values must be evaluated by using the least square error method as following  

𝑒𝑗 = log 𝜃𝑚𝑎𝑥𝑗
− log(𝑎 ∗ 𝑧𝑏)                                                                                                                                  (46) 

Where 𝑒𝑗 are the differences among the exact values in table 2 and their equivalents from Equation 45. Continuing 

according to the least square error procedure is  

𝑆𝑟 = ∑ [log 𝜃𝑚𝑎𝑥 − (log 𝑎 + 𝑏 log 𝑧)]2𝑛
𝑗=1                                                                                                                     (47)  

Where Sr is the summation of data errors          

𝜕𝑆𝑟

𝜕𝑎𝑘
=

𝜕

𝜕𝑎𝑘
∑ [log 𝜃𝑚𝑎𝑥𝑗

− (log 𝑎 + 𝑏 log 𝑧)]
2

𝑛
𝑗=1 = 0                                                                                               (48) 

Based on Equation 48 equations are extracted and represented in a matrix form as in Equation 49 

[∑ 𝑉𝑛
1=1 ]{𝐴} = {log 𝜃𝑚𝑎𝑥 }                                                                                                                                      (49) 

The constants values are: 

𝑎 = 99.3962685  

𝑏 = −0.2392577  

The constants are substituted in equation 45 to calculate the location of the maximum stress which in turn is used 

to calculate the maximum stress value. 

FINITE ELEMENT METHOD 

Deep academic knowledge and high proficiency accompanied by well qualitative engineers and technicians stands 

behind extensive efforts of continuous upgrading for different gear types till the nowadays modern features that 

engaged most of mechanical applications as indispensible elements.With the aim of increasing the bending 

strength of spur gear, this work tries to investigate the effect of different parameters on the bending strength and 

to validate the proposed analytical work. Starting from the geometrical modeling in 3-D models and feed them to 

the FE environment. Studied cases are homogenous structural material of linear behavior with 200 Gpa modulus 

of elasticity and 0.3 Poisson's ratio as mechanical properties for the investigation of the static bending stress and 

deflection. Models have been discretized using Brick 186 element with 10 nodes which is the best element 

according to the convergence test [8]. Single tooth is loaded under worst loading condition analogous to the 

analytical work, the three rim edges have been constrained in the three directions. Load is uniformly distributed 

along the face width at the tooth tip in the horizontal direction while the radial component is neglected [9]. The 

bending stress is the y stress components which will be the base of comparison.  

RESULTS AND DISCUSSIONS 

Results focus on support the core point of this work which is the evaluation and allocation of max. bending stress. 

Accommodation of results presents the FEM results at first explaining the effect of each design parameter alone, 

then attributing their effects to the physical and geometrical causes, analytical results based on equation 42 and  

45 will be presented, discussed and verified for different cases. 

Numerical results (FE) 

1. The effect of fillet radius on the maximum bending stress value is illustrated in Figure 3, it is clear that fillet 

radius plays a key role regarding bending stress reduction in case of larger generating circle, the reduction is 

about  64% in case of Rr=0.5 Rp , such effect is gradually diminished for smaller generating circle till it be 

zero when Rr= m , which is the optimum design case, as shown in figure 4. The cause behind that is, roller 

radius Rr has inverse effect on tooth thickness at hypocycloid part i.e. decreasing Rr increase the tooth thickness 

at the tooth root in un uniform way, the increase zero at the pitch and maximum at the root section. Widening 

root thickness reduce the nominal bending stress and even though the existence of stress concentration factor 

the local root maximum bending stress value will be smaller than that at thinner section near the pitch circle. 
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2. Roller radius increasing decrease the tooth thickness and that the cause of bending stress increasing as shown 

in Figure 5. Roller radius decreasing change the position of max. bending stress from root towards the pitch 

section. 

3. Teeth number increasing decreases the maximum bending stress as shown in Figure 6, the effect has been 

found as exponential trend decrement due to the increasing of teeth thickness. 

4. Module has a positive role on decreasing maximum bending stress due to its effect on magnification of teeth 

size. Figure 7 shows that increasing of module from 4 mm to 8 mm could decrease the bending stress by about 

47%. 

 

Figure 3. Effect of fillet radius on the max. bending stress in case Rr/Rp=0.5 

 

Figure 4. The effect of fillet radius on Max. bending stress for optimum design (Rr=m) 

 

Figure 5. The effect of Roller radius on Max. bending stress 



Theoretical Formulation of Maximum Bending Stress Value and Location for Cycloid Teeth Spur Gear 

 

311 
 

 

Figure 6. Effect of teeth number (z) on the maximum bending stress 

 

Figure 7. The effect of Module on stress value and location 

ANALYTICAL RESULTS 

1. The effect of roller radius on the maximum bending stress for different module values is clarified in Figure 8, 

which is the solution of equations 42 and 44 that listed in Table 1. It is clear that increasing of roller radius 

increases maximum bending stress value, such effect must be taken into account for larger module values. The 

most important results that when Rr= m is the optimum design regarding teeth strength enhancement. 

2. The effect of teeth number on the max. bending stress for different module values and optimum design is listed 

in Table 3 based on equations 42 and 44 and graphically presented in Figure 9. Bending stress is smoothly 

decreased by increasing teeth number. Figure 10 shows the error percentage of the maximum bending stress 

based on eq. 44, and 45 which is listed in Table 4. 
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Table 3. Max. bending stress for optimum design according equation 42 and 44 for different teeth number 

 

Figure 8. Effect of roller radius on max. bending stress for different module values, z=14 teeyh, Rf=0.25 m 

 

Figure 9. Effect of teeth number on max. bending stress for different module values, z=14 teeyh, Rf=0.25 m 

 

Figure 10. Error percentage of Max. bending stress based on equations (44) and (45) for different teeth number. 
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m=3
m=7
m=11
m=15

Maximum bending stress (MPa) 

Z M=2 M=4 M=6 M=7 M=8 M=10 M=12 M=14 M=16 

8 145.4 72.7 48.5 41.5 36.35 29 24.2 20.8 18.2 

11 139 69.5 46.3 39.7 34.75 27.8 23.2 19.9 17.4 

14 136.5 68.2 45.5 38 34.1 27.3 22.7 19.5 17 

18 134.8 67.4 44.9 38.5 33.7 27 22.5 19.3 16.9 

20 134.3 67.2 44.8 38.4 33.6 26.9 22.4 19.2 16.8 

28 133.2 66.6 44.4 38 33.3 26.6 22.2 19 16.6 

40 132.4 66.2 44.1 37.4 33.1 26.5 22.1 18.9 16.5 
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Table 4.  Max. bending stress for optimum design from equation (42) based on  eq.(44) and eq. (45)  for different 

teeth number 

Rr m Z 
𝜃 

Eq. (44) 

σ 

Eq. (42) 

𝜃 

Eq. (45) 

σ 

Eq. (42) 

Error Percentage 

E % 

7 7 6 87.54 45.726 64.74278871 44.1 3.555964 

7 7 7 73.68 42.956 62.3984594 42.5 1.061551 

7 7 8 65.93 41.542 60.43643625 41.42 0.293679 

7 7 9 60.96 40.687 58.75708103 40.668 0.046698 

7 7 10 57.49 40.12 57.29442702 40.11 0.024925 

7 7 12 52.97 39.41 54.84886661 39.4 0.025374 

7 7 15 49.1036 38.84 51.99734763 38.8 0.102987 

7 7 17 47.47 38.609 50.46330631 38.565 0.113963 

7 7 20 45.755 38.374 48.53875539 38.336 0.099025 

7 7 22 44.92 38.263 47.44441735 38.231 0.083632 

7 7 25 43.953 38.1373 46.01529063 38.116 0.055851 

7 7 28 43.222 38.044 44.78436064 38.0316 0.032594 

7 7 30 42.826 37.994 44.05116988 37.987 0.018424 

7 7 35 42.055 37.99 42.45608183 37.8983 0.241385 

7 7 40 41.5 37.83 41.12111592 37.83052 -0.00138 

Verification 

To check the validity of the proposed formulas, some of results will be compared with that of the finite element 

solution. This work try to evaluate the maximum nominal bending stress value in cycloid teeth while the FE 

solution evaluates the maximum actual bending stress i.e. taking into account the stress concentration factor. The 

validity of this study will be based on the location of the maximum bending stress for optimum design cases i.e. 

(m= Rr). the location of maximum bending stress have been traced in terms of the generation angle (𝜃) which is 

mechanism variable not a characteristic one. The direct way to verify the location of maximum bending stress by 

evaluating the description angle (φ) in terms of (𝜃) as shown in figure (1) according to [10] where: 

 𝛽 = tan−1 𝑅𝑟 sin 𝜃

𝑅𝑝+𝑅𝑟(1−cos 𝜃)
                                                                                                                                      (50) 

∅ =
𝑅𝑟

𝑅𝑝
𝜃                                                                                                                                                                (51)  

𝜑 = ( ∅ −  𝛽) +
360

4𝑍
                                                                                                                                           (52) 

The proposed Max. bending stress position in equation 44 and is substituted in equation 51 and 52 then listed in 

Table 5 for two values of module and optimum design to evaluate (φ) and compare the results with that of the 

finite element solution in Figure 7. The results are quite conformed with about 2% error which support the 

proposed approach and the finite element solution. 

Table 5. Verification of the analytical results 

CONCLUSIONS 

From the presented results it is possible to conclude some facts that could be a guide to be the base for future 

works. The conclusions are divided into two parts regarding the position and value of maximum bending stress: 

m Rr z 𝜃 β ∅ φ  eq. (52) φ FE. Fig (7) e % 

4 4 14 50.15 5.955637 7.3071 7.78 7.6 2.3 

8 8 14 50.15 5.955637 7.3071 7.78 7.6 2.3 



Theoretical Formulation of Maximum Bending Stress Value and Location for Cycloid Teeth Spur Gear 

 

314 
 

Position of maximum bending stress 

The location of maximum bending stress and how it is affected by different design parameters are very important 

to be specified. The following conclusions summarized such trend: 

 For larger teeth number, maximum bending stress position moves away of teeth base zone towards the pitch 

point where the relative sliding between the mating teeth is in its minimum value . 

 Module has no effect on the position of maximum bending stress in case of optimum design ( mo= Rr) because 

it increases or decreases both of teeth height and thickness by the same amount. 

Maximum bending stress 

From results of maximum bending stress, the following remarks are worthy to be listed 

 Best reduction in bending stress could be approach when roller radius value is equal to the module value.  

 The larger the module values the smaller the bending stress at the same teeth number. 

 The larger the teeth number the smaller the bending stress at the same module. 

 Fillet radius has no effect on max. bending stress value in case of optimum design i.e. (Rr=m). 
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