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ABSTRACT 

Phonon crystals are of great interest for their use as elastic and noise-absorbing coatings. These properties are 
achieved by selecting the periodic structure and size of the material dispersions. The proposal of a new 
structure and the prediction of new properties of materials are urgent tasks in the age of high speeds and super 
computations. In this paper, the main goal is to study acoustic waves propagating in phonon crystals using 
numerical and analytical methods. These calculations showed the influence of the polydispersity of phonon 
crystals and the physical parameters of the media included in the system (density, speed of sound) on the 
phase, relative to the fundamental cells, wave propagation velocities, transmission and locking frequency 
bands. For the first time, a significant effect of polydispersity on the averaged properties of polydisperse 
phonon crystals was found. This means that the generally accepted methods of averaging allow a significant 
error in determining the averaged parameters of heterogeneous polydisperse media. Specific examples of wave 
propagation in polydisperse phonon crystals are given. 
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 INTRODUCTION 

Research and search for new engineering materials with their heterogeneous structures have been conducted 
for more than 30 years and have led to the rapid development of many high-tech industries. A special role 
belongs to composite materials, whose properties and characteristics give a huge advantage over traditional 
materials and structures made of iron, steel and alloys [1]. However, the analysis of phonon crystals does not 
have such wide-scale developments. This is due to the fact that the main complexity is represented by 
modeling and numerical-analytical calculations of the propagation of elastic and acoustic waves in complex 
composite media [2-5]. There are a number of works on phonon crystals, in which the main topic of research 
is the topology and structure of crystals, the bandwidth and locking of waves, resonances in the propagation of 
sound and scattering coefficients. 

Previous studies have shown that phonon crystals can be used to create devices such as filters, resonators, 
waveguides, switches, and phonon metamaterials, which are widely used in laser technology and 
optoelectronic acoustics (liquid sensors) [6-8]. One of the methods used in the creation of phonon filters is the 
finite element modeling method for detecting the phonon band gap for surface acoustic waves in the crystal 
structure. To create resonators, it is necessary to calculate three parameters of the piezoelectric film, namely, 
the coefficient of electromechanical coupling, the elastic constant and the density, knowing the resonance 
spectra of the composite resonator. Initially, theoretical and experimental studies of wave processes were 
carried out in geophysical problems, in layered models of natural environments. Wave processes in the bowels 
of the earth and in the density of the ocean are well studied and the established methods are used both for the 
search for natural deposits and for the prediction of natural disasters [9]. 
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Theoretical study of the features of wave propagation in media having the heterogeneous structure 
(heterogeneous) is of considerable interest for a wide range of applied problems. The characteristic specificity 
of the frequency ranges of traveling waves allows us to focus on the study of waves with a length much larger 
than the characteristic size of the fundamental cell of a phonon crystal. This is due to the fact that short waves, 
i.e. high-frequency waves, decay much faster than long waves [10]. Studies of wave propagation problems in
heterogeneous media show that there is a certain specificity associated with the type of media. For example,
geological environments are essentially heterogeneous and gradient (i.e., the sound velocities in them vary
depending on the coordinates). The heterogeneity of such media is due to the presence of media interfaces
(possibly numerous), reservoirs, cracks, which may have different sizes and different orientations in space. All
these features of the geological environment can be described in the framework of averaged models or the
allocation of all inhomogeneities by solving the problem of contact discontinuity at the interfaces of the
media. Therefore, the existing methods for studying wave propagation in heterogeneous media are based
mainly on taking into account certain integral (averaged) characteristics of the material (density, speed of
sound) [11].

At the same time, the high level of computer technology and software has led to the development of computer 
modeling of the properties of composites and their behavior in an environment that simulates operational 
loads. The approach that takes into account the spatial features of the structure, such as periodicity, is 
fundamentally different. The application of this method to the study of waveguide properties of systems of 
inhomogeneities can be found in [12, 13]. There you can also find further bibliography on this topic. In this 
paper, we study the propagation of waves in polydisperse phonon crystals. This heterogeneous medium has a 
one-dimensional periodic system of inhomogeneities. The aim of the work is the further development of the 
method [Sukhinin S.V. PMTF] and its application to the study of the propagation of long waves taking into 
account the polydispersity of phonon crystals. The main criterion for solving this problem is the change in the 
propagation velocity of acoustic waves in inhomogeneous media. 

COMPUTATIONAL METHODS 

Model 

Our model of a phonon crystal is a fundamental cell consisting of two components. First, let's consider the 
structure: water-air, such that the first medium – water – consists of a chain of drops, and the second medium 
– air – consists of a chain of air bubbles. One period of the chain contains two water drops (𝑘1, 𝑘3) and air
bubbles between them (𝑘2, 𝑘4).

Let's set the following sizes of drops and bubbles: 

{0<x<3/8} the first drop is long 3/8, 
{3/8<6/8} the first bubble is long 3/8, 
{6/8<x<7/8} the second drop is long 1/8, 
{7/8<8/8=1} the second bubble is long 1/8. 

The coordinates of the borders of drops and bubbles are as follows: 

𝛺1 = {𝑥:0 ≤ 𝑥 ≤ 𝑘1} 𝛺2 = {𝑥:𝑘1 ≤ 𝑥 ≤ 𝑘1 + 𝑘2}, 𝛺3 = {𝑥: 𝑘1 + 𝑘2 ≤ 𝑥 ≤ 𝑘1 + 𝑘2 + 𝑘3}, 𝛺4 =
{𝑥: 𝑘1 + 𝑘2 + 𝑘3 ≤ 𝑥 ≤ 1} 

where  𝑥 – is a spatial variable, 𝑘𝑖 – the size of the drop or bubble under the index “i”. 

The process of understanding wave propagation in periodic media for one-dimensional systems is provided by 
Floquet's theorem with the definition of boundary conditions at the cell boundaries. At the contact boundaries 
of the media, the conditions of continuity of pressure and velocity must be satisfied: 

�
𝑝𝑖 = 𝑝𝑖+1

1
𝑠𝑖
𝑑𝑝𝑖
𝑑𝑥

=
1
𝑠𝑖+1

� 𝑥 = 𝑘𝑖 
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𝑝1(0)𝑒𝑖𝜉 = 𝑝4(1)                                                                                                                                                           (1) 

𝑝1(𝑘1) = 𝑝2(𝑘1)                                                                                                                                                                       (2) 

𝑝2(𝑘2) = 𝑝3(𝑘2)                                                                                                                                                                 (3) 

𝑝3(𝑘3) = 𝑝4(𝑘3)                                                                                                                                                               (4) 

Sound waves in these media are described by the acoustic pressure perturbation, respectively. General view of 
the solution of the Helmholtz equation in the domains 𝛺1, 𝛺2, 𝛺3, 𝛺4 can write it in the form: 

𝑝1 = 𝑎1exp(𝑖λ𝑥) + 𝑏1exp(−𝑖λ𝑥)                                                                                                                                        (5) 

𝑝2 = 𝑎2exp(𝑖λκ12𝑥) + 𝑏2exp(−𝑖λκ12𝑥)                                                                                                                            (6) 

𝑝3 = 𝑎3exp(𝑖λκ13𝑥) + 𝑏3exp(−𝑖λκ13𝑥)                                                                                                                                   (7) 

𝑝4 = 𝑎4exp(𝑖λκ14𝑥) + 𝑏4exp(−𝑖λκ14𝑥)                                                                                                                           (8) 

When decomposed into unknown coefficients 𝑎1, 𝑏1, 𝑎2, 𝑏2, 𝑎3, 𝑏3, 𝑎4, 𝑏4 taking into account the boundary 
conditions (1) – (8), we obtain a homogeneous system of linear equations with a matrix A having the form: 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑒𝑖𝑘1𝜆 𝑒−𝑖𝑘1𝜆 −𝑒𝑖𝑘1𝑘12

2𝜆 −𝑒−𝑖𝑘1𝑘12
2𝜆 𝟎 𝟎 𝟎 𝟎

𝟎 𝟎 𝑒𝑖𝑘12
2𝑘2𝜆 𝑒−𝑖𝑘12

2𝑘2𝜆 −𝑒𝑖𝑘13
2𝑘2𝜆 −𝑒−𝑖𝑘13

2𝑘2𝜆 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝑒𝑖𝑘13

2𝑘3𝜆 𝑒−𝑖𝑘13
2𝑘3𝜆 −𝑒𝑖𝑘14

2𝑘3𝜆 −𝑒−𝑖𝑘14
2𝑘3𝜆

𝑒𝑖𝜉 𝑒𝑖𝜉 𝟎 𝟎 𝟎 𝟎 −𝑒𝑖𝑘14
2𝜆 −𝑒−𝑖𝑘14

2𝜆

𝑒𝑖𝑘1𝜆𝜏12 −𝑒−𝑖𝑘1𝜆𝜏12 −𝑒𝑖𝑘1𝑘12
2𝜆𝑘12

2 𝑒−𝑖𝑘1𝑘12
2𝜆𝑘12

2 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝑒𝑖𝑘12

2𝑘2𝜆𝑘12
2𝜏23 −𝑒−𝑖𝑘12

2𝑘2𝜆𝑘12
2𝜏23 −𝑒𝑖𝑘13

2𝑘2𝜆𝑘13
2 𝑒−𝑖𝑘13

2𝑘2𝜆𝑘13
2 𝟎 𝟎

𝟎 𝟎 𝟎 𝟎 𝑒𝑖𝑘13
2𝑘3𝜆𝑘13

2𝜏34 −𝑒−𝑖𝑘13
2𝑘3𝜆𝑘13

2𝜏34 −𝑒𝑖𝑘14
2𝑘3𝜆𝑘14

2 𝑒−𝑖𝑘14
2𝑘3𝜆𝑘14

2

𝑒𝑖𝜉𝜏12 −𝑒𝑖𝜉𝜏12 𝟎 𝟎 𝟎 𝟎 −𝑒𝑖𝑘14
2𝜆𝑘14

2 𝑒−𝑖𝑘14
2𝜆𝑘14

2 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 (9) 

 
where τ – is the ratio of the density of the air (ρ2) on the density of water (ρ1), (ρ2/ ρ1), 
ξ – is the phase shift of the oscillations in the adjacent cells of the chain, 
λ – is the dimensionless cyclic frequency of oscillations. 
κ – is the ratio of the speed of water (c1) to the speed of air (c2), (c1/ c2). 

Next, substituting the values of the air and water parameters:  

𝜌𝑎𝑖𝑟 = 1.204, 𝑐𝑎𝑖𝑟 = 331,  𝜌𝑤𝑎𝑡𝑒𝑟 = 999, 𝑐𝑤𝑎𝑡𝑒𝑟 = 1500,  

𝜏12 = 𝜌𝑤𝑎𝑡𝑒𝑟
𝜌𝑎𝑖𝑟

 ,   𝜏23 = 𝜌𝑎𝑖𝑟
𝜌𝑤𝑎𝑡𝑒𝑟

 ,  𝜏34 = 𝜏12 , 𝑘12 = 𝑐𝑤𝑎𝑡𝑒𝑟
𝑐𝑎𝑖𝑟

 , 𝑘14 = 𝑘12 , 𝑘13 = 1,   𝜉 = 𝜋 

and concentration: 

𝑘𝑤𝑎𝑡𝑒𝑟 = 𝑘1 + 𝑘3 – total length of water droplets (linear concentration).  
1 - 𝑘𝑤𝑎𝑡𝑒𝑟  = 𝑘𝑎𝑖𝑟  – is the linear concentration of air. 
𝑘𝑎𝑖𝑟= 𝑘2 + 𝑘4 – is linear concentration of air, 𝑘4 = 1 −  𝑘1 −  𝑘2  −  𝑘3 ;    
𝑘2, 𝑘4 – the lengths of the corresponding air bubbles, 

in matrix (9), we obtain the following formula for the determinant of the matrix:  

62.9558 + 134110. 𝑒𝜆((0.+0.524347𝑖)−(0.+0.951306𝑖)𝑘1 +
134110. 𝑒𝜆((0.+0.524347𝑖)−(0.+0.951306𝑖)𝑘1  −  134079. 𝑒𝜆((0.+0.475653𝑖)−(0.+1.04869𝑖)𝑘1  −
 134079. 𝑒𝜆((0.+0.475653𝑖)+(0.+1.04869𝑖)𝑘1  − 9.09568 ×
10−9𝑒𝜆((0.+0.524347𝑖)−(0.+2.95131𝑖)𝑘1  − 9.09568 × 10−9𝑒𝜆((0.+0.524347𝑖)−(0.+2.95131𝑖)𝑘1 −
9.09568 × 10−9𝑒𝜆((0.+0.475653𝑖)−(0.+1.04869𝑖)𝑘1 −  9.09568 ×
10−9𝑒𝜆((0.+0.475653𝑖)+(0.+1.04869𝑖)𝑘1                                 

(10) 

The resulting determinant is decomposed into a Taylor series by λ. Equate the real and imaginary parts of this 
expression to zero and remove the small terms using the formula: 
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cos𝑥 =
𝑒𝑖𝑥 + 𝑒−𝑖𝑥

2
 (11) 

We obtain the dependences of the second wave mode on the size of the bubbles of the polydisperse chain in 
the form of a system: 
 

EQRe = 31.477912428934662 + 31.477912428934662 cos(2ξ) – 134110.3932187642 ∙ 
2cos(λ(0.5243468888888887 – 0.9513062222222222k1)) ∙ cos(ξ) + 134078.91530633526 ∙ 
2cos(λ(0.4756531111111111 – 1.0486937777777778k1)) ∙ cos(ξ) = 0;                                                                 

(12) 

EQIm = 31.477912428934662 sin(2ξ) – 134110.3932187642 ∙ 
2cos(λ(0.5243468888888887 – 0.9513062222222222k1)) ∙ sin(ξ) + 134078.91530633526 ∙ 
2cos(λ(0.4756531111111111 – 1.0486937777777778k1)) ∙ sin(ξ) = 0;                                                                                                                          

(13) 

Finding the dependence of the wave frequency on the linear concentration. 

The propagation of waves in a medium is usually described by a dispersion relation that relates the frequency 
𝜔 and the wave vector k of the propagating wave. The dispersion relation for waves propagating in a 
homogeneous medium is very simple 𝜔 =c*k, where c is the speed of sound in the medium. However, the 
dispersion relations for materials that are not homogeneous, such as phonon crystals, are more complex. In 
phonon crystals, air components are present in such a way that the speed of sound propagation is periodic. 
Therefore, the dispersion relations are such that the wave propagation is not supported in a certain frequency 
range. For our model, we assume that the chains have spatial periodicity and are determined by the linear 
concentration of droplets and bubbles. In order to identify the wave propagation in a periodic system, it will be 
necessary to calculate the frequency dependence on the linear concentration. 

𝜆𝑝𝑜𝑙𝑦(𝜉, 𝑘, 𝑘𝑘, 𝜏)

= �
2𝜏[1 − 𝑐𝑜𝑠(𝜉)]

((0.25 −  1𝑘 + 𝑘2(1 −  1𝜏) + 0.25𝜏) 𝜏 + (𝑘𝑘)4(0.25 + 0.25𝜏 + 1𝑘𝜏 + 𝑘2(−1 +  1𝜏)))
 

𝜆 = 4Sqrt[(1 − ei𝜉)𝑘122 𝑘132 𝑘142 𝜏12(ei𝜉 − 𝜏23𝜏34)/ 

(−16ei𝜉(𝑘1 − 𝑘2)𝑘122 𝑘132 𝑘142 𝜏12(𝑘144 − 𝑘3𝑘144 + 𝑘1𝜏12 − 𝑘2𝑘134 𝜏34 + 𝑘3𝑘134 𝜏34) − 

16ei𝜉(𝑘1 − 𝑘2)𝑘126 𝑘132 𝑘142 𝜏23(−𝑘2𝜏12 + 𝑘3𝜏12 + 𝑘1𝜏34 + 𝜏12𝜏34 − 𝑘3𝜏12𝜏34) − 

8�−1 + ei𝜉�𝑘122 𝑘132 𝑘142 (𝑘1(1 + 𝑘122 ) + 𝑘3𝑘132 + 𝑘2(𝑘122 + 𝑘132 ) + 𝑘142 + 𝑘3𝑘142 )2𝜏12�ei𝜉 − 𝜏23𝜏34� + 

i𝑘122 𝑘132 𝑘142 (𝑘1(1 + 𝑘122 ) + 𝑘3𝑘132 + 𝑘2(𝑘122 + 𝑘132 ) + 𝑘142 + 𝑘3𝑘142 )𝜏12 

(−16iei𝜉(−1 + ei𝜉)(𝑘1 + 𝑘1𝑘122 + 𝑘2𝑘122 + 𝑘2𝑘132 + 𝑘3𝑘132 + 𝑘142 + 𝑘3𝑘142 ) + 16i(−1 + ei𝜉) 

(𝑘1 + 𝑘1𝑘122 + 𝑘2𝑘122 + 𝑘2𝑘132 + 𝑘3𝑘132 + 𝑘142 + 𝑘3𝑘142 )𝜏23𝜏34) + 

𝑘122 (16ei𝜉(𝑘2 − 𝑘3)𝑘132 𝑘142 𝜏12(−𝑘144 + 𝑘3𝑘144 − 𝑘1𝜏12)𝜏23 + 16ei𝜉(𝑘2 − 𝑘3)𝑘136 𝑘142 (−𝑘1 − 𝜏12 + 𝑘3𝜏12)𝜏34
− 𝑘132 (16ei𝜉𝑘1(−1 + 𝑘3)𝑘146 + 16ei𝜉𝑘1(−1 + 𝑘3)𝑘142 𝜏122 𝜏23𝜏34 + 
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𝑘142 𝜏12(ei𝜉(−2(𝑘1𝑘122 + 𝑘2𝑘132 + 𝑘142 )2 − 2(𝑘1(1 + 𝑘122 ) + 𝑘2𝑘132 + 𝑘142 )2 − 2(𝑘1𝑘122 + 𝑘3𝑘132 + 𝑘142 )2

− (𝑘2𝑘122 + 𝑘3𝑘132 + 𝑘142 )2 − 2(𝑘1 + 𝑘2𝑘122 + 𝑘3𝑘132 + 𝑘142 )2

− 2(𝑘1(1 + 𝑘122 ) + 𝑘3𝑘132 + 𝑘142 )2 − 2(𝑘2(𝑘122 + 𝑘132 ) + 𝑘142 )2

− 2(𝑘1 + 𝑘2(𝑘122 + 𝑘132 ) + 𝑘142 )2 − 2(𝑘1𝑘122 + 𝑘2𝑘132 + 𝑘3𝑘142 )2

− 2(𝑘1(1 + 𝑘122 ) + 𝑘2𝑘132 + 𝑘3𝑘142 )2 − 2(𝑘2(𝑘122 + 𝑘132 ) + 𝑘3𝑘142 )2

− 2(𝑘1 + 𝑘2(𝑘122 + 𝑘132 ) + 𝑘3𝑘142 )2

+ 8ei𝜉(𝑘1(1 + 𝑘122 ) + 𝑘3𝑘132 + 𝑘2(𝑘122 + 𝑘132 ) + 𝑘142 + 𝑘3𝑘142 )2 −

2�𝑘1𝑘122 + 𝑘3(𝑘132 + 𝑘142 )�2 − 2�𝑘2𝑘122 + 𝑘3(𝑘132 + 𝑘142 )�2 − 2(𝑘1 + 𝑘2𝑘122 + 𝑘3(𝑘132 + 𝑘142 ))2 −
2(𝑘1(1 + 𝑘122 ) + 𝑘3(𝑘132 + 𝑘142 ))2) + 2ei𝜉(𝑘1𝑘122 + 𝑘2𝑘132 + 𝑘142 )2 − 2ei𝜉(𝑘1 + 𝑘1𝑘122 + 𝑘2𝑘132 + 𝑘142 )2 −
2ei𝜉(𝑘2𝑘122 + 𝑘2𝑘132 + 𝑘142 )2 

-2ei𝜉(𝑘1 + 𝑘2𝑘122 + 𝑘2𝑘132 + 𝑘142 )2 − 2ei𝜉(𝑘1𝑘122 + 𝑘3𝑘132 + 𝑘142 )2 − 2ei𝜉(𝑘1 + 𝑘1𝑘122 + 𝑘3𝑘132 + 𝑘142 )2  −
2ei𝜉(𝑘2𝑘122 + 𝑘3𝑘132 + 𝑘142 )2 − 2ei𝜉(𝑘1 + 𝑘2𝑘122 + 𝑘3𝑘132 + 𝑘142 )2 −

2ei𝜉(𝑘1𝑘122 + 𝑘2𝑘132 + 𝑘3𝑘142 )2 − 2ei𝜉(𝑘1 + 𝑘1𝑘122 + 𝑘2𝑘132 + 𝑘3𝑘142 )2 − 

2ei𝜉(𝑘2𝑘122 + 𝑘2𝑘132 + 𝑘3𝑘142 )2 − 2ei𝜉(𝑘1 + 𝑘2𝑘122 + 𝑘2𝑘132 + 𝑘3𝑘142 )2 

−2ei𝜉(𝑘1𝑘122 + 𝑘3𝑘132 + 𝑘3𝑘142 )2 − 2ei𝜉(𝑘2𝑘122 + 𝑘3𝑘132 + 𝑘3𝑘142 )2 −

2ei𝜉(𝑘1 + 𝑘2𝑘122 + 𝑘3𝑘132 + 𝑘3𝑘142 )2 + 8(𝑘1(1 + 𝑘122 ) + 𝑘3𝑘132 + 𝑘2(𝑘122 + 𝑘132 ) + 𝑘142 + 𝑘3𝑘142 )2 

−1
2

ei𝜉�2𝑘1(1 + 𝑘122 ) + 2𝑘3(𝑘132 + 𝑘142 )�2)𝜏23𝜏34))))]      (14) 

Figure 1 shows the dependence of the frequency on the water concentration for the given values of the 
parameters of two media (water-air). 

Figure 1. Frequency dependence on the concentration of the first drop and the first bubble 

Dependence of the phase velocity on the wave number. 

To calculate the phase velocity, the formula was used: 

𝑐𝑝ℎ(𝜉,𝑘, 𝜏) = 𝜆(𝜉,𝑘, 𝜏) 𝜉⁄ (15)
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When decomposing expression (14) into a Taylor series by lambda up to the third order, we get: 

31.477912428934662 −  62.95582485786872𝑒(0.+1.𝑖)𝜉 + 31.477912428934662𝑒(0.+2.𝑖)𝜉  −
26086.74863418561(−0.2506047620124578𝑒(0.+1.𝑖)𝜉 +
0.001203801826480227𝑒(0.+1.𝑖)𝜉𝑘1+1. 𝑒(0.+1.𝑖)𝜉𝑘12)𝜆2 + 𝑂(𝜆3) 

Equating the determinant of the matrix to zero, we obtain the dependence of the frequencies of the second 
waveguide mode on the size of the bubbles of the polydisperse chain in the following form: 

𝜆 =

� 31.477912428934662 − 62.95582485786872𝑒(0.+1.𝑖)𝜉+31.477912428934662𝑒(0.+2.𝑖)𝜉

26086.74863418561(−0.2506047620124578𝑒(0.+1.𝑖)𝜉+0.001203801826480227𝑒(0.+1.𝑖)𝜉𝑘1+1.𝑒(0.+1.𝑖)𝜉𝑘12)
=

� −62.95582485786872+2∙31.477912428934662𝑐𝑜𝑠(𝜉)
26086.74863418561(−0.2506047620124578+0.001203801826480227𝑘1+𝑘12

(16) 

Using the formula (15), we calculate the phase velocity, applying the formula (16) for λ = λ(k1, ξ, τ) and 𝑘1= 
0.25 we get the graph (Figure 2): 

Figure 2. Dependence of the phase velocity on the wave number. 

For other  𝑘1 = 0.1, 0.2, 0.3, 0.4, 0.45 we get graphs (Figure 3) corresponding to the formula (15): 

Figure 3. Phase velocity at different concentrations. 



Effect of Polydispersity on The Bandwidth of Transmission and Locking in Phonon Two-Component Crystals 

85 

For 𝑘1 = 0.05, 0.1, 0.15, 0.2, 0.25 getting next graphs (Figure 4, 5): 

Figure 4. Dependence of the phase velocity on the concentrations. 

Figure 5. Dependence of the frequency on the wave number. 

It should be noted that the waveguide frequencies strongly depend on the linear concentration k. 

NUMERICAL EXAMPLES 

We perform similar calculations for two more materials. First for brick (air and clay). Substituting the values 
of the air and clay parameters: 

ρ𝑎𝑖𝑟  = 1.204; c𝑎𝑖𝑟= 331; ρ𝑐𝑙𝑎𝑦  = 1100; c𝑐𝑙𝑎𝑦  = 2800; and k = 𝑘1 + 𝑘3 = 0,9. 

We get the determinant of the matrix: 

5.709473036350788 + 2 ∙ 46660.09281820485 ∙ cos[λ(0.5069873086734695 – 
0.9860253826530614 k1)] – 2 ∙ 46657.238081686686 ∙ cos[λ(0.4930126913265306 – 
1.0139746173469386 k1)] = 0; 

(17)
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Figure 6. Dependence of frequency on concentration for brick 

The second material is concrete (air and sand). Substituting the values of the air and sand parameters: 

ρair = 1.204; cair = 331; ρsand = 1680; csand = 900; и 𝑘 =  𝑘1 + 𝑘3 = 0,9  we receive: 

0.0008169109368722153 + 2 × 1.05361 × cos [λ(0.5676302469135801 − 0.8647395061728393k1)] 
− 2 × 1.0532 × cos [λ(0.43236975308641945 − 1.1352604938271602k1)] = 0. (18) 

The graph (Figure 7) corresponding to the resulting expression (18): 

Figure 7. Frequency versus concentration for concrete 
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The overall graph looks like this (Figure 8): 

Figure 8. Generalized graph dependences frequency on concentration for three materials (blue for gas 
water, green for brick and yellow for concrete) 

Dependence of the phase velocity on the wave number shows below (Figure 9): 

Figure 9. Two graphs for brick and concrete 

RESULTS AND DISCUSSION 

In nature, monodisperse materials and media are not found, however, polydispersity is very rarely taken into 
account, since this property makes the medium inhomogeneous. We obtained the dependence of the wave 
frequency on the volume fraction of the bubbles (linear concentration), as well as the phase velocity on the wave 
number. The phase velocity gives us information about the structure parameters that affect each velocity. 

CONCLUSIONS 

Phonon crystals are a promising area of research and are widely used in many engineering and high-tech fields 
due to their properties. In the paradigm of obtaining new materials, such characteristics as the concentration and 
dispersion of components are of great importance. Although research in this field of acoustics is still at the 
laboratory stage, there are already suggestions that in the near future such materials will make it possible to 
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direct the flow of acoustic energy along the desired trajectories with the required speed and intensity and thus 
provide a new, higher level of solving practical problems of effective control of vibroacoustic fields in 
engineering, construction and other areas.  
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